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T-S Fuzzy Model Based Output Feedback Tracking
Control with Control Input Saturation

Yan Yu, H.K. Lam, Senior Member, IEEE and Kit Yan Chan

Abstract—This paper investigates the output feedback tracking
control for fuzzy-model-based control (FMB) system when the
control input is saturated, where the FMB is developed based
on a T-S fuzzy model and a fuzzy controller. The controller is
employed to close the feedback loop and generate the system
to trace the trajectory of the states of a stable reference model
subject to H∞ performance. To enhance the fuzzy controller
design flexibility, the number of rules and premise membership
functions can be adjusted. Stability analysis for the FMB control
system is performed based on Lyapunov stability theory. To
address the control input saturation problem, linear sectors are
created by local linear upper and lower bounds to include the
possible control area. Hence the nonlinear saturation problem can
be tackled by the stability analysis of linear sectors. Membership-
functions-dependent (MFD) technique is used to bring the infor-
mation and address the nonlinearity of embedded membership
functions into the stability analysis. The numerical simulation
example demonstrates the effectiveness of proposed approach
and discusses the effect of H∞ performance and control input
saturation rate according to the tracking result.

Index Terms—Tracking Control, Output Feedback, Linear
Matrix Inequalities (LMIs), H∞ Performance, Control Input
Saturation, Membership Function Dependent, Stability Analysis.

I. INTRODUCTION

IN recent years, fuzzy control system has been rapidly
developed among fundemental research and control appli-

cations. Its increasing popularity and control effectiveness are
encouraging researchers to explore further study in this topic.
A fuzzy model proposed by Takagi and Sugeno, namely T-S
fuzzy model, can facilitate that any smooth nonlinear control
systems is able to be approximated by linear rule consequence
[1] and formulated by weighted sum of linear subsystems [2].
Each linear subsystem features one characteristic of the local
nonlinear system, where the corresponding weight is deter-
mined by membership functions. Similar to the fuzzy models,
the smooth nonlinear controller can also be approximated
by the parallel distributed compensation (PDC)-based fuzzy
controller [3], [4]. When a T-S fuzzy model is given, the PDC
concept provides a procedure to close the feedback loop with
the fuzzy controller. The controller can be designed in many
ways, for example state feedback and output feedback. A key
point of current research focuses on the stability analysis of
fuzzy-model-based (FMB) control system which consists of a
T-S fuzzy model and a fuzzy controller [3]–[7].
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In order to obtain a feasible fuzzy controller that can
effectively stabilize the T-S fuzzy model, the Lyapunov sta-
bility condition is commonly used, represented by a class
of linear matrix inequalities (LMIs). The T-S fuzzy model is
asymptotically stabilized by the fuzzy controller if there exists
a feasible common solution to a group of LMI-based stability
conditions [8]. Thus, the stability analysis can be transferred
to a convex optimization problem with regard to LMIs. In
general, there are mainly two ways. The first is to focus on
developing more appropriate Lyapunov functions to alleviate
the conservativeness of stability analysis. For example, [9]
and [10] tried to develop the piecewise Lyapunov functions
which are a more general form and contain much richer
class of Lyapunov function candidates so that it is capable
to handle a larger set of fuzzy systems. Another way to
relax the stability conditions is to apply more information of
membership functions to stability analysis [11]. Besides, the
TP Model Transformation can also be an effective method to
manipulate the T-S fuzzy model representation specifically for
LMI-based control performance optimization [12], [13].

In general, the stability of FMB control systems are always
investigated with membership-function-independent (MFI) sta-
bility analysis approach. However, this will obviously bring
conservativeness to the stability analysis results. An effective
way, namely membership-function-dependent (MFD) stabil-
ity analysis approach [11], [14]–[17], attempting to reduce
the conservativeness, is proposed by involving more specific
information of the membership functions to tackle control
problems. Therefore, an MFD stability analysis approach is
required for this newly defined stability analysis problem. In
literature, the staircase-membership-function method is intro-
duced in [18], where the continuous membership functions
of fuzzy model and fuzzy controller are approximated by the
staircase functions with finite number of levels. The original
FMB control system is stable if the stability of the FMB
control system at all levels of the staircase membership func-
tions are guaranteed with the consideration of approximation
error. The novelty of this technique is that it proposes a
new concept for MFD stability analysis which brings the
staircase membership functions into stability conditions and
approximates the infinite number of MFD stability conditions
with a finite ones. However, the number of MFD stability
conditions depends on the approximation errors. To reduce the
approximation error, piecewise-linear membership functions
(PLMF) was proposed for continuous membership function
approximation [19], which requires less number of MFD
stability conditions to achieve the same level of stability
analysis results.

Meanwhile, the tracking control design is another important
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research topic, especially for practical applications, such as
attitude tracking control of unmanned aerial vehicles [20],
missile trajectory control [21] and robot tracking control [22].
Different from stabilization problem, tracking control design
is generally more challenging since the controller is required
to force the system states to follow the state trajectory of a
stable reference system. Ideally, the tracking error between
the reference system and nonlinear system is expected to be
zero. Practically, the H∞ method is effective to attenuate the
tracking error under an arbitrarily desired level [23].

When designing the controller, actuator nonlinearity is an-
other important topic which needs to be considered [24]. Due
to physical constraints [25], the real actuators cannot be guar-
anteed to present a perfectly good linear characteristics in all
operating domains. However, since the theoretical controller is
designed from an ideal assumption, the nonlinearities of prac-
tical actuators [26], for example, control input saturation [27],
can thus cause severe degradation to the system performance.
This may cause system damage and even put risk on human
users. In recent years, the study of control input saturation
has become increasingly popular [26]–[33]. The problem of
actuator saturation is often solved by either choosing a low
gain control law that the control input signal can be limited in
a region to avoid saturation, or estimating the saturation region
in the presence of actuator saturation. Generally speaking, it
is very challenging when designing a controller for nonlinear
system with the actuator saturation problem.

In this paper, we attempt to investigate the stability issues of
using output feedback tracking control to drive the nonlinear
system to trace the state trajectory of a reference model when
the control input saturation exists. Since the nonlinear system
is represented by T-S fuzzy model, in order to reduce the
conservativeness, the stability analysis of FMB control system
is proceeded on the basis of MFD approach. Due to the
continuity property of MFD method, the PLMF method is con-
ducted to reduce the approximation error when approximating
the infinite number of MFD stability conditions as finite
ones. The H∞ method is combined with the MFD stability
analysis to suppress the tracking error. At last, the overall
input saturation MFD tracking control stability condition can
be transformed into the form of LMIs. By solving the LMIs
problem, an output feedback T-S fuzzy controller can be
constructed such that the system is stabilized subject to H∞
performance with control input saturation.

The organization of this paper is as follows. In Section
II, the T-S fuzzy model is introduced along with the stable
reference model, output feedback fuzzy controller and control
input saturation. In Section III, the overall MFD tracking
control stability conditions are obtained through LMI-based
approach with PLMF method. In Section IV, a simulation
example is used to illustrate the effectiveness of proposed
analysis. Finally, the conclusion is drawn in Section V.

II. PRELIMINARIES

This section provides the preliminary knowledge of T-S
fuzzy model and fuzzy controller, as well as the control input
saturation which are engaged with the proposed approach.

A. T-S Fuzzy Model
Consider a nonlinear plant described by the T-S fuzzy model

[34], [35] with p rules of the following IF-THEN format.

Rule i: IF f1(x(t)) is M i
1 AND · · · AND fΨ (x(t)) is M i

Ψ

THEN ẋ(t) = Aix(t) + Biu(t),y(t) = Cx(t) (1)

where M i
α is a fuzzy term of rule i corresponding to the

function fα(x(t)) with α = 1, 2, . . ., Ψ ; i = 1, 2, . . ., p;
Ψ is a positive integer; x(t) ∈ Ren is the system state
vector; y(t) ∈ Rel is the system output vector; Ai ∈ Ren×n,
Bi ∈ Ren×m and C ∈ Rel×n are known system, input
and output matrices, respectively; u(t) ∈ Rem is the control
input vector used to tackle the system saturation. The system
dynamics and output are defined as follows:

ẋ(t) =

p∑
i=1

wi(x(t))
(
Aix(t) + Biu(t)

)
, (2)

y(t) = Cx(t) (3)

where wi(x(t)) ≥ 0 ∀ i,
∑p
i=1 wi(x(t)) = 1, wi(x(t)) =∏Ψ

l=1 µMi
l
(fl(x(t)))/

∑p
k=1 wi

∏Ψ
l=1 µMk

l
, wi(x(t)), i = 1, 2,

. . ., p, are the normalized membership grades, µMi
α

(fα(x(t))),
α = 1, 2, . . ., Ψ, are the membership grades corresponding to
the fuzzy term M i

α.

Remark 1. Given that u(t) = [u1(t), u2(t), . . . , um(t)]T ,
umin(t) = [u1min

(t), u2min
(t), . . . , ummin

(t)]T and umax(t) =
[u1max(t), u2max(t), . . . , ummax(t)]T are denoted as the lower
and upper bounds of u(t) respectively, regarding to the system
saturation.

B. Reference Model
A stable reference model is defined as follows:

ẋr(t) = Arxr(t) + Brr(t), (4)

yr(t) = Cxr(t) (5)

where xr(t) ∈ ReN denotes the state vector of reference
model, Ar ∈ Ren×n and Br ∈ Ren×m are the constant
system and input matrices respectively, r(t) ∈ Rem is the
input vector of reference system, yr(t) ∈ Rel is the reference
model output vector.

C. Output Feedback Fuzzy Controller
The output feedback fuzzy controller attempts to control

the system states (2) to track the state trajectory of the stable
reference model (4). The error between the system states and
reference states is defined by

e(t) = x(t)− xr(t). (6)

In the same way, the output error is defined as

ey(t) = y(t)− yr(t) = Ce(t). (7)

The output feedback fuzzy controller consists of c rules of
which is give as:

Rule j: IF g1(y(t)) is N j
1 AND · · · AND gΩ (y(t)) is N j

Ψ

THEN ũ(t) = Fjey(t) + Gjyr(t) (8)
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ũ1(t)
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Fig. 1: The control input saturation.

where N j
α is a fuzzy term of rule j corresponding to the

function gβ(x(t)), β = 1, 2, . . ., Ω ; j = 1, 2, . . ., c; Ω is
a positive integer; Fj ∈ Rem×l and Gj ∈ Rem×l, j = 1, 2,
. . ., c, are the feedback gains to be determined.

Considering (6) and (7), the output feedback fuzzy con-
troller can be formulated as follows:

ũ(t) =

c∑
j=1

mj(x(t))(FjCe(t) + GjCxr(t))

=

c∑
j=1

mj(x(t))(FjCx(t) + (Gj − Fj)Cxr(t)) (9)

where mj(x(t)) ≥ 0 ∀ j,
∑c
j=1mj(x(t)) = 1, mj(x(t)) =∏Ω

l=1 µNjl
(gl(x(t)))/

∑c
k=1mj

∏Ω
l=1 µNkl , mj(x(t)), j =

1, 2, . . ., c, are the normalized membership grades,
µNjβ

(gβ(x(t))), β = 1, 2, . . . , Ω, are the membership grades

corresponding to the fuzzy term N j
β .

Remark 2. Denoting that ũ(t) = [ũ1(t), ũ2(t), . . . , ũm(t)]T ,
ũ(t) is assumed to work within the lower bounds
ũmin(t) = [ũ1min(t), ũ2min(t), . . . , ũmmin(t)]T and upper
bounds ũmax(t) = [ũ1max(t), ũ2max(t), . . . , ũmmax(t)]T .

D. Control Input Saturation

The concept of control input saturation is depicted in Fig. 1.
Aforementioned that ũ(t) = [ũ1(t), ũ2(t), . . . , ũm(t)]T is the
control signal given by the ideal output feedback fuzzy con-
troller and u(t) = [u1(t), u2(t), . . . , um(t)]T is the practical
control signal, which are used to address saturation problem.
For illustration purposes, Fig. 1 only shows the control input
saturation characteristics of the first element between ũ(t) and
u(t), i.e., ũ1(t) and u1(t).

In ideal situation, the control signal vector ũ(t) is equal
to the practical control vector u(t). Fig. 1 shows that there
exists a linear relationship between ũ1(t) and u1(t) in a certain
range. After the ideal control signal ũ1(t) reaches either the
limit value of u1max

or u1min
, the practical control input

u1(t) no longer follows the increasing or decreasing trend
of ũ1(t), but saturates at the value, i.e., u1max or u1min . In
general, the following relationship stands: uimax = −uimin , i =
1, 2, . . . ,m, which is also denoted as umax = −umin. ũ1max

and ũ1min
are the intersection points between the saturated

control signal u1(t) and the control input lower bound S1(t).

Based on [25], the control input saturation can be formu-
lated as

(u(t)− S(t))TΛ−1(S(t)− u(t)) ≥ 0 (10)

where S(t) = [S1(t), S2(t), . . . , Sm(t)]T and S(t) =
[S1(t), S2(t), . . . , Sm(t)]T are the upper bounds and lower
bounds of control input which create a region of space where
the stability analysis can be further investigated; Λ ∈ Rem×m

is a positive semi-definite diagonal matrix to be determined,
i.e., Λ = diag{τ1, . . . , τm} ≥ 0 and Λ−1 ≥ 0.

Remark 3. In order to guarantee the sysetm stability under
all saturation condition, the slope of all elements of S(t) in
Fig. 1 can be chosen as zero to include the whole saturation
area. However, in practical applications, the output signal also
has its maximum value, namely ũmax. Therefore, the slope of
lower bound can be modified as an approriate value reducing
the saturation area taken into consideration. An over-estimated
area will generate conservative analysis result. The saturation
area used in stability analysis should be as small as possible
only to satisfy the practical requirements.

III. STABILITY ANALYSIS

This section presents the stability analysis of T-S FMB
tracking control system with control input saturation based on
Lyapunov stability theory. An H∞ performance is introduced
to bound the tracking error. Through approximating the mem-
bership functions using PLMFs [19], with the consideration
of approximation error, MFD stability conditions in terms of
LMIs are obtained.

From (2), (4) and (6), the dynamics of error system is
obtained as follows:

ė(t) = ẋ(t)− ẋr(t)

=

p∑
i=1

wi(x(t))(Aix(t) + Biu(t))−Arxr(t)−Brr(t).

(11)

The control objective is to determine the feedback gains Fj
and Gj in the output feedback fuzzy controller (9) under the
existence of control input saturation such that the state error
e(t) is attenuated subject to an H∞ performance index.

For brevity, t in the time-varying variables is omitted, e.g.,
x(t) is written as x.

To investigate the stability of the error system (11), the
following Lyapunov function candidate is considered.

V = eTX−1e (12)

where 0 < X = XT ∈ Ren×n is to be determined. Define

χ =
[
X −X 0 0

]
and ν =


X−1x

X−1xr

X−1u

X−1r

. Then (6) and

(11) can be rewritten, respectively, as follows:

e = χν, (13)

ė =

p∑
i=1

wi(x)
[
AiX −ArX BiX −BrX

]
ν. (14)
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From (12), (13) and (14), we have

V̇ = ėTX−1e + eTX−1ė =

p∑
i=1

wi(x)νT

×


XAT

i + AiX −XAT
i −ArX BiX −BrX

−AiX−XAr
T XAr

T + ArX −BiX BrX

XBT
i −XBT

i 0 0

−XBr
T XBr

T 0 0


×ν. (15)

A. H∞ Performance

Since the reference model (4) is a stable system, the state
error can be bounded by the reference state xr and the
reference input r in the following analysis when the H∞
performance is used as the performance metric.

From (15), we have

V̇ = Ξ− eTe + σ2
1xr

Txr + σ2
2r
T r (16)

where σ1 and σ2 are scalars to be determined and

Ξ = V̇ + eTe− σ2
1xr

Txr − σ2
2r
T r

=

p∑
i=1

wi(x)νT

×


Ξ

(11)
i ∗ ∗ ∗

Ξ
(21)
i Ξ

(22)
i ∗ ∗

XBT
i −XBT

i 0 ∗
−XBr

T XBr
T 0 −σ2

2XX

 ν (17)

where Ξ
(11)
i = XAT

i + AiX + XX, Ξ
(21)
i = −AiX −

XAr
T −XX and Ξ

(22)
i = XAr

T + ArX + XX− σ2
1XX.

Considering

Ξ = V̇ + eTe− σ2
1xr

Txr − σ2
2r
T r < 0, (18)

we have
V̇ < −eTe + σ2

1xr
Txr + σ2

2r
T r. (19)

Define tf as the terminal time of control [21] and integrate
both sides of (19) with respect to time t. The H∞ performance
regarding to tracking error can be expressed as∫ tf

0
eTe dt− V (0)∫ tf

0
(σ2

1xr
Txr + σ2

2r
T r) dt

< 1. (20)

Therefore, in order to control the nonlinear system formu-
lated by the T-S fuzzy model (2) to trace the state trajectory
of the stable reference system (4) subject to H∞ performance
(20), the inequality (18) is neccessary to be satisfied.

Remark 4. The system tracking error e is attenuated below a
prescribed level which is determined by two scalars σ1 and σ2
in (20). With a set of smaller values of σ1 and σ2, the tracking
performance can be improved with less tracking error.

B. Control Input Saturation

Referring to (10), it represents the information in the region
bounded between the upper bound S and lower bound S as
shown in Fig. 1 [19]. The stability analysis can be conducted
to address control input saturation by taking (10) into account.

Assume that there exist the diagonal matrices H1 ∈ Rem×m

and H2 ∈ Rem×m such that H2 ≥ I > H1 ≥ 0 . According
to (9), the upper bound S and lower bound S of the control
input are defined by

S =

c∑
j=1

mj(x)(H2FjCx + H2(Gj − Fj)Cxr), (21)

S =

c∑
j=1

mj(x)(H1FjCx + H1(Gj − Fj)Cxr). (22)

Remark 5. It is assumed that the control signal is bounded by
the upper bound S and lower bound S as well as ũ ≤ ũmax

and ũ ≥ ũmin. In the following, the analysis results are valid
when the above assumption holds.

Therefore, the sector nonlinearity inequality (10) can be
expanded as
c∑
j=1

c∑
k=1

mj(x)mk(x) [u−H1FjCx−H1(Gj − Fj)Cxr]
T

×Λ−1 [H2FkCx + H2(Gk − Fk)Cxr − u] ≥ 0. (23)

The inequality equation (23) is reformualted as below before
being applied to stability analysis:

c∑
j=1

c∑
k=1

mj(x)mk(x)[uTΛ−1H2FkCx

+uTΛ−1H2(Gk − Fk)Cxr − uTΛu

−xTCTFTj H1Λ
−1H2FkCx

−xTCTFTj H1Λ
−1H2(Gk − Fk)Cxr

+xTCTFTj H1Λ
−1u

−xr
TCT (Gj − Fj)

TH1Λ
−1H2FkCx

−xr
TCT (Gj − Fj)

TH1Λ
−1H2(Gk − Fk)Cxr

+xr
TCT (Gj − Fj)

TH1Λ
−1u] ≥ 0. (24)

Then reformulate (24) in the matrix form as follows:X−1x

X−1xr

X−1u


T

M

X−1x

X−1xr

X−1u

 ≥ 0 (25)

where

M =

c∑
j=1

c∑
k=1

mj(x)mk(x)


M

(11)
jk ∗ ∗

M
(21)
jk M

(22)
jk ∗

M
(31)
jk M

(32)
jk −XΛ−1X

 ;

M
(11)
jk = −XCTFTj H1Λ

−1H2FkCX; M
(21)
jk =

−XCT (Gj − Fj)
TH1Λ

−1H2FkCX; M
(22)
jk =

−XCT (Gj − Fj)
TH1Λ

−1H2(Gk − Fk)CX; M
(31)
jk =

XΛ−1H1+H2

2 FjCX; M
(32)
jk = XΛ−1H1+H2

2 (Gj −Fj)CX.
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Remark 6. As H1, H2 and Λ are all diagonal matrices, it
gives H1Λ

−1H2 = H2Λ
−1H1. Thus, (24) can be written in

the form of (25) where the matrix M is symmetric.

C. Tracking Control H∞ Performance with Control Input
Saturation

When (10) is considered, the holding of (19) is implied by
the holding of the following inequality:

V̇ +eTe−σ2
1xr

Txr−σ2
2r
T r+(u−S)TΛ−1(S−u) < 0. (26)

Substituting (17) and (25) into (26), it gives
p∑
i=1

c∑
j=1

c∑
k=1

wi(x)mj(x)mk(x)νT

×


∆

(11)
ijk ∗ ∗ ∗

∆
(21)
ijk ∆

(22)
jk ∗ ∗

∆
(31)
ij ∆

(32)
ij ∆

(33)
ij ∗

−XBr
T XBr

T 0 ∆
(44)
ij

ν < 0 (27)

where ∆
(11)
ijk = XAT

i + AiX + XX −
XCTFTj H1Λ

−1H2FkCX; ∆
(21)
ijk = −AiX − XAr

T −
XX−XCT (Gj−Fj)

TH1Λ
−1H2FkCX; ∆

(22)
jk = XAr

T +

ArX + XX− σ2
1XX−XCT (Gj − Fj)

TH1Λ
−1H2(Gk −

Fk)CX; ∆
(31)
ij = XBT

i + XΛ−1H1+H2

2 FjCX;
∆

(32)
ij = −XBT

i + XΛ−1H1+H2

2 (Gj − Fj)CX;
∆

(33)
ij = −XΛ−1X; ∆

(44)
ij = −σ2

2XX.
By applying Schur complement [2] to (27), the holding of

(27) is equivalent to the holding of the inequality below:

Φ =

p∑
i=1

c∑
j=1

c∑
k=1

wi(x)mj(x)mk(x)

[
∆

(11)
ijk ∗

∆
(21)
ijk ∆

(22)
jk

]

+

p∑
i=1

c∑
j=1

p∑
l=1

c∑
s=1

wi(x)mj(x)wl(x)ms(x)

×

[
Θ

(11)
ijls ∗

Θ
(21)
ijls Θ

(22)
ijls

]
< 0 (28)

where Θ
(11)
ijls = BiΛBT

l +

XCTFTj
H1+H2

2 Λ−1H1+H2

2 FsCX + XCTFTj
H1+H2

2 BT
l +

Bi
H1+H2

2 FsCX + Brσ
−2
2 Br

T ; Θ
(21)
ijls = −BiΛBT

l +

XCT (Gj − Fj)
T H1+H2

2 Λ−1H1+H2

2 FsCX + XCT (Gj −
Fj)

T H1+H2

2 BT
l − Bi

H1+H2

2 FsCX − Brσ
−2
2 Br

T ; Θ
(22)
ijls =

BiΛBT
l + XCT (Gj − Fj)

T H1+H2

2 Λ−1H1+H2

2 (Gs −
Fs)CX − XCT (Gj − Fj)

T H1+H2

2 BT
l − Bi

H1+H2

2 (Gs −
Fs)CX + Brσ

−2
2 Br

T .
After some algebra, (28) can be written as:

Φ =

p∑
i=1

c∑
j=1

p∑
l=1

c∑
k=1

wi(x)mj(x)wl(x)mk(x)

×

[
Φ

(11)
ijlk ∗

Φ
(21)
ijlk Φ

(22)
ijlk

]
< 0 (29)

where Φ
(11)
ijlk = XAT

i + AiX + XX +

XCTFTj
H1−H2

2 Λ−1H1−H2

2 FkCX + BiΛBT
l +

XCTFTj
H1+H2

2 BT
i + Bi

H1+H2

2 FjCX + Brσ
−2
2 Br

T ;
Φ

(21)
ijlk = −AiX − XAr

T − XX + XCT (Gj −
Fj)

T H1−H2

2 Λ−1H1−H2

2 FkCX − BiΛBT
l + XCT (Gj −

Fj)
T H1+H2

2 BT
i − Bi

H1+H2

2 FjCX − Brσ
−2
2 Br

T ;
Φ

(22)
ijlk = ArX + XAr

T + X(I − σ2
1)X + XCT (Gj −

Fj)
T H1−H2

2 Λ−1H1−H2

2 (Gk − Fk)CX + BiΛBT
l −

XCT (Gj − Fj)
T H1+H2

2 BT
i − Bi

H1+H2

2 (Gj − Fj)CX +

Brσ
−2
2 Br

T .
In order to eliminate the non-convex issue brought by output

feedback control, Γ ∈ Ren×n [36] is defined as

Γ =
[
CT (CCT )−1 ortc(CT )

]
, (30)

and
CΓ =

[
Il 0

]
(31)

where ortc(CT ) stands for the orthogonal complement of CT

and Il ∈ Rel×l is an identity matrix.
To proceed further, we assume that Γ−1 exists and choose

X =

[
X11 0

0 X22

]
(32)

where X11 ∈ Rel×l and X22 ∈ Re(n−l)×(n−l).
The feedback gains are designed as

Fj = Mj(Γ
−1X)−1; (33)

Gj = Nj(Γ
−1X)−1 (34)

where Mj ∈ Rem×l and Nj ∈ Rem×l.
From (31), (33) and (34), we obtain FjCX =

FjCΓΓ−1X =
[
Mj 0

]
; GjCX = GjCΓΓ−1X =[

Nj 0
]

and (Gj − Fj)CX =
[
Nj −Mj 0

]
. It follows

that (29) can be rewritten in the form as follows where the
output feedback terms are transformed into a convex form:

Φ =

p∑
i=1

c∑
j=1

p∑
l=1

c∑
k=1

wi(x)mj(x)wl(x)mk(x)

×

[
Φ

(new11)
ijlk ∗

Φ
(new21)
ijlk Φ

(new22)
ijlk

]
< 0 (35)

where Φ
(new11)
ijlk = XAT

i + AiX + XX +[
Mj 0

]T H1−H2

2 Λ−1H1−H2

2

[
Mk 0

]
+ BiΛBT

l +[
Mj 0

]T H1+H2

2 BT
i + Bi

H1+H2

2

[
Mj 0

]
+

Brσ
−2
2 Br

T ; Φ
(new21)
ijlk = −AiX − XAr

T − XX +[
Nj −Mj 0

]T H1−H2

2 Λ−1H1−H2

2

[
Mk 0

]
− BiΛBT

l +[
Nj −Mj 0

]T H1+H2

2 BT
i − Bi

H1+H2

2

[
Mj 0

]
−

Brσ
−2
2 Br

T ; Φ
(new22)
ijlk = ArX + XAr

T + X(I − σ2
1)X +[

Nj −Mj 0
]T H1−H2

2 Λ−1H1−H2

2

[
Nk −Mk 0

]
+

BiΛBT
l −

[
Nj −Mj 0

]T H1+H2

2 BT
i −

Bi
H1+H2

2

[
Nj −Mj 0

]
+ Brσ

−2
2 Br

T .
Rearranging the terms in (35) before applying Schur com-

plement, (35) can be reformulated as

Φ = Φ1 +

[
0 0

0 −σ2
1XX

]
< 0 (36)
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where Φ1 =
∑p
i=1

∑c
j=1 wi(x)mj(x)

[
Φ̃

(11)
ij ∗

Φ̃
(21)
ij Φ̃

(22)
ij

]
+

∑c
j=1

∑c
k=1mj(x)mk(x) ×

[ [
Mj 0

]T H1−H2

2[
Nj −Mj 0

]T H1−H2

2

]
×

Λ−1
[
×H1−H2

2

[
Mk 0

]
H1−H2

2

[
Nk −Mk 0

]]
+∑p

i=1

∑p
l=1 wi(x)wl(x)

[
BiΛ

−BiΛ

]
Λ−1

[
ΛBT

l −ΛBT
l

]
+[

Br

−Br

]
σ−22

[
Br

T −Br
T
]

+

[
X

−X

]
I
[
X −X

]
; Φ̃

(11)
ij =

XAT
i +AiX+

[
Mj 0

]T H1+H2

2 BT
i +Bi

H1+H2

2

[
Mj 0

]
;

Φ̃
(21)
ij = −AiX − XAr

T +
[
Nj −Mj 0

]T H1+H2

2 BT
i −

Bi
H1+H2

2

[
Mj 0

]
; Φ̃

(22)
ij = ArX + XAr

T −[
Nj −Mj 0

]T H1+H2

2 BT
i −Bi

H1+H2

2

[
Nj −Mj 0

]
.

It can be seen from (36) that −σ−21 XX is still in non-convex
form. Let ε be a pre-defined constant value, we have

(X− εI)T (X− εI) ≥ 0. (37)

The non-convex term in (36) can be handled by using the
following property [23]

−σ2
1X

TX ≤ σ2
1(ε2I2 − εXT − εX). (38)

Thus, we can further obtain the following:

Φ ≤ Φ1 +

[
0 0

0 σ2
1(ε2I2 − εXT − εX)

]
< 0. (39)

By applying the lemma of Schur complement, the holding
of (39) is implied by the holding of the following inequality:

p∑
i=1

c∑
j=1

wi(x)mj(x)Hij < 0 (40)

where

Hij =



Φ̃
(11)
ij ∗ ∗ ∗ ∗ ∗

Φ̃
(21)
ij H

(22)
ij ∗ ∗ ∗ ∗

H
(31)
ij H

(32)
ij −Λ ∗ ∗ ∗

ΛBT
i −ΛBT

i 0 −Λ ∗ ∗
Br

T −Br
T 0 0 −σ2

2I ∗
X −X 0 0 0 −I


; (41)

H
(22)
ij = Φ̃

(22)
ij + σ2

1(ε2I2 − εXT − εX); H
(31)
ij =

H1−H2

2

[
Mj 0

]
; H

(32)
ij = H1−H2

2

[
Nj −Mj 0

]
.

Remark 7. According to (20), the generalized eigenvalue
minimization problem (GEVP) under LMI constraints is for-
mulated to optimize the tracking control performance by
minimizing two pre-defined scalars σ1 and σ2. In this paper,
as it involves two variables, an iterative approach is adopted.
We first initialize σ2 as a sufficiently large value and minimize
σ1 using the GEVP routine from Matlab. Then, turn back to
minimize the value of σ2 by using the found σ1. Iteratively
repeat the above steps (minimize one value at a time but keep
another value found in the pervious iteration as a constant)
until a stoping criterion is met, e.g., the change of σ1 and σ2

is not significant or a prefined iteration number is reached,
which is determined by the user.

Theorem 1. The output feedback fuzzy controller (9) is
able to drive the states of the nonlinear system represented
as a fuzzy model (2) to follow the state trajectory of a
stable reference model (4) subject to the H∞ performance
(20) with the consideration of control input saturation
(10), if there exist matrix decision variables X ∈ Ren×n,
Mj ∈ Rem×l and Nj ∈ Rem×l, j = 1, 2, . . ., p, and scalar
decision variables, τk, k = 1, 2, . . ., m, which forms Λ =
diag{τ1, τ2, . . . , τm} such that the following GEVP is feasible:
minσ1, σ2 (using the iterative method in Remark 7) subject to
σ1 > 0;σ2 > 0; X > 0; Λ > 0; Hij < 0,∀ i, j where
Λ ∈ Rem×m, H1 ∈ Rem×m and H2 ∈ Rem×m are all
diagonal matrices and satisfy H2 ≥ I ≥ H1 ≥ 0; the
feedback gains G and F are defined in (33) and (34).

D. Piecewise Linear Membership Functions

In previous section, the stability conditions in Theorem 1
are developed when the information of membership functions
is not engaged. In this section, the PLMF technique [19] is
applied and used to approximate the membership functions
hij(x) ≡ wi(x)mj(x) so that they can be taken into account
in the stability analysis for relaxing the conservativeness. In the
PLMF method, the membership functions will firstly be sam-
pled. Then, the membership functions hij(x) is approximated
by linear interpolation method to obtain an approximated
membership function, which is referred to as PLMFs.

Let the state space of interest Υ be divided into q sub-
state spaces, expressed as Υk, k = 1, 2, . . . , q. Thus, the
original membership function hij(x) approximated by the
PLMF method can be expressed by

ĥij(x) =

q∑
k=1

2∑
i1=1

· · ·
2∑

in=1

n∏
r=1

vrirk(xr)δiji1i2...ink,

∀ i, j, k, (42)

where 0 ≤ ĥijl(x) ≤ 1, 0 ≤ δiji1i2...ink ≤ 1, δiji1i2...ink is a
constant scalar to be determined representing the sample point
of the original membership function hij(x) at each chosen
point x; 0 ≤ vrisk(xr) ≤ 1 and vr1k(xr) + vr2k(xr) = 1 for
r, s = 1, 2, . . . , n; ir = 1, 2; x ∈ Φk; otherwise, vrisk(xr) =
0. Based on the above settings, we have the following property:

q∑
k=1

2∑
i1=1

2∑
i2=1

· · ·
2∑

in=1

n∏
r=1

vrirk(xr) = 1. (43)

The approximation error, ∆hij(x) = hij(x) − ĥij(x),
satisfies

∆hij ≤ hij(x)− ĥij(x) ≤ ∆hij (44)

where ∆hij and ∆hij(x), representing respectively the lower
and upper bounds of ∆hij , are to be determined.
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Based on (44), (40) can be formulated as
p∑
i=1

c∑
j=1

hij(x)Hij =

p∑
i=1

c∑
j=1

(ĥij(x) + ∆hij)Hij

+

p∑
i=1

c∑
j=1

(∆hij(x)−∆hij)Hij

≤
p∑
i=1

c∑
j=1

(ĥij(x) + ∆hij)Hij

+

p∑
i=1

c∑
j=1

(∆hij −∆hij)Yij (45)

where Yij ∈ Re(n+l+m)×(n+l+m) is a slack matrix satisfying
Yij = YT

ij ≥ 0 and Yij ≥ Hij for all i and j.
Expanding ĥij(x) in (45), we have

p∑
i=1

c∑
j=1

hij(x)Hij ≤
q∑

k=1

2∑
i1=1

· · ·
2∑

in=1

n∏
r=1

vrirk(xr)

×
p∑
i=1

c∑
j=1

(
(δiji1i2...ink + ∆hij)Hij

+(∆hij −∆hij)Yij

)
. (46)

Considering the property in (43), the satisfaction of inequal-
ity (45) guarantees the holding of (39) which further implies
V̇ ≤ 0 except x = 0. The stability conditions obtained through
PLMF method are concluded as below.

Theorem 2. The output feedback fuzzy controller (9) is able
to drive the states of the nonlinear system represented as
a fuzzy model (2) to follow the state trajectory of a stable
reference model (4) subject to the H∞ performance (20) with
the consideration of control input saturation (10), if there exist
decision matrix variables X ∈ Ren×n, Mj ∈ Rem×l and
Nj ∈ Rem×l, j = 1, 2, . . . , p, and decision scalar variables
τk, k = 1, 2, . . . ,m forming diagonal matrix Λ ∈ Rem×m =
diag{τ1, τ2, . . . , τm} such that the following GEVP is feasible:
minσ1, σ2 (using the iterative method in Remark 7) subject to
σ1 > 0;σ2 > 0;X > 0; Λ > 0; Yij > 0,∀ i, j;
Yij > Hij ,∀ i, j;

∑p
i=1

∑c
j=1(ĥij(x) + ∆hij)Hij +∑p

i=1

∑c
j=1(∆hij − ∆hij)Yij ≤ 0,∀ i, j, k, i1, i2, . . . , in

where δiji1i2...ink is a sample point of the original membership
function hij(x) at a chosen point x; ∆hij and ∆hij are
constant scalars satisfying ∆hij ≤ hij(x) − ĥij(x) ≤ ∆hij
for all i and j; diagonal matrices H1 and H2 satisfy
H2 ≥ I ≥ H1 ≥ 0; and the feedback gain is given as
Fj = Mj(ΓX)−1 and Gj = Nj(ΓX)−1 for all j.

IV. SIMULATION EXAMPLE

A numerical example is presented to verify the stability
condition and demonstrate the system performance. A 3-
rule T-S fuzzy model inspired from [3] regarding to (2)
is constructed where the system, input and output matri-

ces are A1 =

[
−4 5

4 −4.8

]
, A2 =

[
−4.5 6

5.5 −6.2

]
,

A3 =

[
−2.5 4.3

3 −3.5

]
, B1 =

[
1

0

]
, B2 =

[
8

0

]
,

B3 =

[
7

−1

]
, C =

[
1 0

]
. The membership func-

tions are chosen as w1(x1) = µM1
1
(x1) = {1 for x1 <

−10; −x1+2
12 for − 10 ≤ x1 ≤ 2; 0 for x1 > 2}, w2(x1) =

µM2
1
(x1) = 1− w1(x1)− w3(x1) and w3(x1) = µM3

1
(x1) =

{0 for x1 < −2; x1+2
12 for − 2 ≤ x1 ≤ 10; 1 for x1 > 10}.

The corresponding 2-rule fuzzy controller in the form of (9)
is employed to close the feedback loop where the membership
functions are chosen as m1(x1) = µN1

1
(x1) = 1− 1

e
−x1
2

and

m2(x1) = µN2
1
(x1) = 1−m1(x1).

Note that, in this example, the fuzzy controller is applied
with different number rules and different shape of membership
functions from those of T-S fuzzy model. This is so called
imperfectly matched premises [15], [37].

To apply Theorem 2, the membership function approxi-
mated by PLMF method can be expressed as (42). Considering
x1 ∈ [−10, 10], δiji1k is set as hij(x1) by considering the
samples of x1 at {−10,−9.5, . . . , 9.5, 10}, e.g., δiji11 =
hij(−10), δiji12 = hij(−9.5) and so on. The functions
v11k(x1) =

x1−x1k

x1k−x1k
and v12k(x1) = 1 − v11k(x1) are used

where x1k and x1k denote the lower and upper end points of x1
at the k-th sub-region, e.g., x1k = −10 and x1k = −9.5 when
k = 1, x1k = −9.5 and x1k = −9 when k = 2 and so on. It
should be noted that v11k(x1) = 0 and v12k(x1) = 0 when x1
is outside the k-th region. According to the chosen original
membership functions and PLMF, it is found numerically
that ∆h11 = ∆h32 = −2.4426 × 10−3, ∆h12 = ∆h31 =
−6.7708× 10−4, ∆h21 = ∆h22 = −1.7826× 10−3, ∆h11 =
∆h32 = 1.7839 × 10−3, ∆h12 = ∆h31 = 1.3139 × 10−3,
∆h21 = ∆h22 = 2.4622×10−3 satisfying the inequality (44).

As mentioned earlier, umax /min is the maximum (mini-
mum) value where control signal is saturated. The slope of
control input lower bound H1 can be adjusted accordingly.
The smaller value applied for H1, the more ability that
the controller can guarantee system stability under control
input saturation. The pre-defined constant ε is selected as
ε = 0.3. The designed fuzzy controller (9) is employed to
control the nonlinear fuzzy system (2) with the initial condition
x(0) =

[
0 0

]T
and xr(0) =

[
0 0

]T
.

The set of scalars σ1 and σ2 are initially chosen as σ1 = 10
and σ2 = 10. Starting from initial value, the scalars σ1 and
σ2 are minimized in order to optimize the H∞ performance.
The optimal minimum value for each of σ1 and σ2 are
found iteratively according to the procedure of Remark 7. The
MATLAB function “gevp”, performing generalized eigenvalue
minimization under LMI constraints, is applied to take turns
finding the minimum feasible value of σ1 and σ2. The iteration
stops until the values of σ1 and σ2 decrease under 1% in two
consecutive generations.

The following simulations are conducted to verify the
effectiveness of Theorems 1 and 2 that the obtained feasible
solution from stability analysis can produce a fuzzy controller
to stabilize the system when the control signal is saturated at
certain value. Table I shows that the simulations are conducted
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in four cases. In each case, the two theorems proposed in
this paper, namely Thoerem 1 and Theorem 2, are tested
respectively regarding to two sets of σ1 and σ2. One set is
the initial values where σ1 = 10 and σ2 = 10. Another set is
optimized values.

Cases 1 and 2 aim to show the impact of applying different
ũmax /min and umax /min to the system. Cases 3 and 4 test the
effectiveness that the controller proposed by the two theorems
can guarantee the system stability under the same H1 and
umax /min but different H2 and ũmax /min values.

Regarding to Cases 1 and 2, the lower and upper bounds for
the proposed controller regarding to control input saturation
are fixed at H1 = [0.8] and H2 = [1.0]. The control signal
saturation value is set as umax /min = ±16 in Case 1 and
umax /min = ±3.0 in Case 2. According to the simulation
results, Cases 1 and 2 show the control signal in an unsaturated
and saturated condition respectively. Specifically, the system
is tested first by applying Theorem 1 with σ1 = 10 and
σ2 = 10. By using the GEVP method, the value of σ1
and σ2 are minimized to σ1 = 4.1323 and σ2 = 0.5130.
According to the theoretical analysis in Theorem 2, the PLMF
method is capable to reduce the conservativeness of stability
analysis results, which is verified by simulation results that
the controller proposed by Theorem 2 gives better tracking
performance than that of Theorem 1. Moreover, it also can be
shown by simulation results that the system with optimized
values of σ1 and σ2 has smaller tracking error which means
better tracking performance. Particularly, when σ1 and σ2
are selected as 10, the control input signal is greater than
ũmax /min = 3.7, which violates the condition in Remark
5. Therefore, the system can no longer be guaranteed to be
stable. It can be verified by simuation that in Case 2, when
σ1 = 10 and σ2 = 10, the system response is unstable for both
Theorem 1 and 2. In contrast, the simulation results presented
in Figs. 2 and 3 show that when applying with optimized σ1
and σ2, the system stability can be guaranteed.

In Cases 3 and 4, the control signal upper bound is assumed
as H1 = [1.0] and the maximum and minimum values of
control input signal are set as ũmax /min = ±3.7. Cases 3 and
4 present that different values of lower bound H1 are applied
to Theorems 1 and 2. Specifically, Case 3 sets H1 = [0.9]
which brings umax /min = ±3.3. It can be shown in the
simulation results that the system is stable and the optimized
values of σ1 and σ2 give positive impact on system tracking
performance. In the same way, Case 4 sets H1 = [0.7] and
umax /min = ±2.6. The simualtion results illustrates that
the system becomes unstable when σ1 and σ2 equal to 10
in Theorem 1 where the control signal fails to satisfy the
condition in Remark 5. In contrast, when applying Theorem 2
and with optimized values of σ1 and σ2, the system stability
is able to be guaranteed.

The above four cases of simulations show that Theorems 1
and 2 can offer stability condition for output feedback tracking
control systems under control signal saturation condition. The
simulation results also demonstrate that the feasible solution
derived from Theorem 1 and 2 can guarantee the system
stability when the control input signal satisfies the condition
in Remark 5. Moreover, the comparison indicates that smaller
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(a) State tracking result and tracking error.
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(b) Control signal saturated at ±3.0.

Fig. 2: Tracking control result for Theorem 1 with σ1 =
4.1323 and σ2 = 0.5130.

values of σ1 and σ2 can improve the system tracking perfor-
mance with smaller tracking error.

V. CONCLUSION

In this paper, the tracking control of a T-S fuzzy model
based system has been investigated to tackle the control input
saturation problem. The output feedback fuzzy controller has
been employed to drive the system to trace the trajectory of a
stable reference model states where tracking error is attenuated
by H∞ performance. MFD stability analysis of T-S fuzzy
system has been investigated by Lyapunov stability theory
through an LMIs form used to design the output feedback
fuzzy controller if a feasible solution exists. Simulation ex-
amples are used to demonstrate the effectiveness of the output
feedback fuzzy control that can guarantee the system stability
when satisfying control input saturation conditions. We further
verify that the H∞ performance has positive impact to the state
tracking performance.
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