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ARTICLE INFO ABSTRACT

Keywords: In this paper, the domain of attraction (DOA) of the continuous-time positive polynomial fuzzy
Positive polynomial fuzzy systems systems subject to input saturation is estimated by using the level set of the linear copositive
input saturation Lyapunov function. To relax the estimation of DOA, the restriction on the level set is removed by
advanced Chebyshev-membership- embedding the expression of the level set into the stability conditions and positivity conditions.
functions-dependent method Referring to the nonconvex terms caused by above novel analysis strategy, some polynomial
imperfect premise matching (IPM) inequality lemmas are proposed to handle them; the nonconvex terms caused by imperfect
concept premise matching (IPM) nonlinear membership functions are dealt with by sector nonlinear
domain of attraction (DOA) methods and advanced Chebyshev membership-function-dependent (MFD) methods. In this
linear copositive Lyapunov function advanced MFD method, the state space segmentation and polynomial order selection of the

Chebyshev approximation method are improved based on breakpoints of the first derivative and
curvature, respectively, which is helpful to reduce the conservatism and computational burden of
the result. Thus, this advanced Chebyshev MFD method not only optimizes the convexification
strategy, but also can further be extended to estimate the DOA when it is used to introduce
the membership functions information for convex stability and positivity conditions. Finally, a
numerical example and the lipoprotein metabolism and potassium ion transfer nonlinear model
are presented to validate the effectiveness and feasibility of the aforementioned analysis and
convexification strategies in the expansion of DOA estimation.

1. INTRODUCTION

If the system states of a dynamic system are nonnegative, such as population quantity [1], traffic flow [2], material
concentration [3] and so on, the nonnegative constraints on these system states cannot be accurately represented by the
general systems, so the positive systems whose state trajectories are confined to positive quadrant are proposed to make
up for the shortcomings of general systems in modeling dynamic systems with nonnegative variables [4]. Due to these
special properties, research on positive systems has attracted wide attention, but most of the research results are only
applicable to linear positive systems [5—8] and cannot be directly extended to nonlinear positive systems. However,
nonlinear dynamics are included in almost all real-world systems, which motivates us to conduct systematic analysis
and control synthesis of nonlinear positive systems.

Due to the combined effect of nonlinear dynamics and positive constraints, the study of nonlinear positive systems
is extremely difficult and progresses slowly [9—12]. Fortunately, the Takagi-Sugeno (T-S) fuzzy model [13] and the
polynomial fuzzy model [14] have emerged as effective tools for handling nonlinear terms, and they can model
nonlinear positive systems as convex combination systems of linear or polynomial sub-systems weighted by nonlinear
membership functions [15-22], which greatly reduces the difficulty of the research on nonlinear positive systems.
Compared to the T-S fuzzy model, the polynomial fuzzy model allows polynomials to appear in the subsystems, thus
providing a stronger modeling capability for nonlinear positive systems. When performing the control synthesis for
fuzzy-model-based nonlinear positive plants, the premise membership functions of the controller can be designed to
be different from those of the plants, which is called the imperfect premise matching (IPM) controller design strategy
[23]. Although the IPM controller design strategy will bring more difficulty than the traditional parallel distributed

*Corresponding author
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compensation (PDC) controller design strategy in theoretical analysis, it can effectively reduce the implementation
cost of the fuzzy controller when the premise membership functions of the fuzzy plants are complex.

In practical systems, input saturation is a common phenomenon. For the systems subject to input saturation, the
conservatism of dealing with the saturation function will affect the estimated size of the domain of attraction (DOA)
which refers to the region of system states that can be controlled. In order to expand the estimation of DOA, some
literature has been devoted to proposing low-conservative approaches to handle the saturation function, such as the
sector-condition-based method [24], the convex hull representation method and its improved versions [25-27], the
inequality representation method [7], and so on. In [7], the inequality representation method is adopted, and the level
set of the linear copositive Lyapunov function [28] that is used to estimate DOA of positive systems is embedded in the
stability conditions and positivity conditions with the help of the S-procedure. It is proved that the analysis strategy
in [7] is more relaxed, because it removes a limitation that exists within the analysis framework based on the convex
hull representation method, this limitation requires the level set of the Lyapunov function to be contained within the
polyhedron L(H) = x : |Hx|oo < 1, where H is the auxiliary controller gain. Although the analysis strategy in [7]
effectively reduces the conservatism of the analysis results and expands the estimation of DOA, the nonconvex problem
of the resultant conditions remains unsolved, so the controller gains and the decision variables zj need to be obtained
by a complex iterative algorithm, which motivates us to focus on the de-convexification of the resultant conditions.

In addition to the handling method of the saturation function, the shape of the level set of Lyapunov function
also affects the conservatism of the DOA estimation. It has been proved that the level set of the linear copositive
Lyapunov function can provide relaxed estimation of DOA [29], but when it is used to estimate the DOA of the
continuous-time positive fuzzy systems with input saturation [30], the non-convex problem caused by membership
functions is a big challenge, especially when the IPM controller design strategy is adopted. Although the convexification
method in [31] can handle the non-convex terms formed by the coupling of the controller gains and the Lyapunov
variables, the non-convex terms formed by the coupling of the function variables themselves still cannot be handled.
Also, the membership-function-dependent (MFD) method of the convexification method in [31] is still conservative,
because the piecewise linear membership function approximation method has limited ability to approximate the
initial membership function. In the existing literature, the Taylor-series membership function [32, 33] and polynomial
membership function [34, 35] provide higher approximation ability by increasing the order of the polynomial terms,
which inevitably increases the computational burden and even the Runge phenomenon may appear. Although the
Chebyshev membership function in [36] avoids Runge phenomenon, it did not consider the influence of the shape
characteristics of the membership function on approximation errors. Thus, it will become the focus of this paper to
reduce the conservatism of the MFD method without increasing the computational burden.

In this paper, the estimation of DOA is investigated for continuous-time positive polynomial fuzzy systems
with input saturation, and the fuzzy controller is designed based on IPM controller design strategy. With the goal
of expanding the estimation of DOA, a less conservative analysis strategy is implemented, and corresponding
countermeasures are proposed for the challenges encountered in the implementation of the analysis strategy. The
detailed innovations and contributions of this paper are summarized below:

1) The DOA estimation of continuous-time positive polynomial fuzzy systems subject to input saturation is
investigated under the IPM controller design strategy, where the saturation function is expressed as an inequality
form, also the DOA constraint condition is embedded into the stability conditions and positivity conditions
without introducing the decision variable. The above analysis strategy will prove to be less conservative.

2) Two novel inequality lemmas are provided to handle the non-convex term derived from the above analysis
framework, also the MFD method is utilized to handle the non-convex term caused by the unmatched premise
membership functions, so that some convex resultant conditions are obtained to avoid the use of complex iterative
algorithms when solving controller gains.

3) A novel Chebyshev approximation algorithm is proposed to obtain a less conservative MFD method which can
be used to handle the non-convex term and relax the resultant conditions. In this approximation algorithm, the
state space is divided by the breakpoints of the first-order derivative of the membership function, and the order
of the approximated membership function is chosen based on the maximum curvature of the state subspace,
so this novel Chebyshev approximation algorithm has the ability to improve the approximation errors without
increasing the computational burden, especially for non-smooth membership functions.
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2. PRELIMINARY

2.1. Notation

The following notation will be adopted throughout this article. 3 > 0 (or 3 < 0) means that all elements of 3 are
positive (or negative), and 3 > 0 (or 3 < 0) means that 3 is positive semi-definite (or negative semi-definite). 3*#
is the a' row, ﬁth column element of 3. R™™ represents an n X m dimensional matrix over the real number field. € is
called a Metzler matrix if its off-diagonal elements are all nonnegative [4]. nrepresents 1,2, ..., n. A polynomial A(x(?))
is an Sum-of-Squares (SOS) if there exist polynomials A (X()), Ay (X(?)), ..., h.(X(?)) such that A(x(?)) = Zle hiz(x(t)),
where h;(x(?)) is a polynomial and c is a positive integer, so 4(x(?)) being an SOS naturally implies A(x(t)) > O for all
x(1).
Lemma 1. [37] The following inequality holds true for a scalar y and symmetric matrices K and S with suitable
dimensions, S > 0:

—-KS7'K < %S - 2yK.

2.2. Polynomial Fuzzy Plant Model with Input Saturation
In this paper, the polynomial fuzzy modeling approach is employed to model a nonlinear positive system with input
saturation constraints as a polynomial fuzzy positive system with p fuzzy rules. The i-th rule is as follows:
Rule i : IF fi(x (1)) is M| AND --- AND f,,(x (1)) is M;/,
THEN x(r) = A;(x(1))x(t) + B, (x(#))sat(u(?))

where fy(x(t)) is the premise variable and M é is the fuzzy set corresponding to premise variable fg(x(¢)) in rule i
,i € p,d € y, and y is a positive integer; x(r) € R" and u(r) € R™ are the state vector and control input vector
of the system, respectively; A;(x(1)) € R™", B;(x(r)) € R™™ are the known polynomial system matrices and input
matrices, respectively. n, m are their dimensions. The function saz(-) : R™ — R™ is a standard saturation function
defined as:

sat(u(r)) = [saruV (), saru® (1)), ..., sar(u™) )" )
where
Wi, it aO@) > uy,,
sat@V (@) =4 u®@) if  —uy,, <u®@) <u;,.
u(¢) is the 1" element of u(?), u;;,, is the control input limit.

Based on the fuzzy rules mentioned above, when fuzzification, fuzzy inference, and defuzzification being applied
to the nonlinear system, the entire nonlinear system can be formulated as the following polynomial fuzzy system:

p
X = Z w;(x(1) (A; (X)X (1) + B, (x(1))sar(u(®))) @
i=1

p
where w;(x(?)) is the normalized grade of membership, w;(x(¢)) > 0, and ) w;(x(?)) = 1.
i=1

2.3. Polynomial Fuzzy Controller
This paper designs a polynomial fuzzy controller based on the IPM concept **and** follows a similar modeling
procedure to that in reference [33]; the designed polynomial fuzzy controller is represented by the following equation:

P
u() = ) m(x(B)G;(x(O)X(), 3
&

J

where m j (x(#)) is amembership function distinct from the system’s membership function w;(x(?)), satisfying m ; (@) >

P
Oand ) m ; x@) =1.and G j(x(t)) is the gain of the polynomial fuzzy controller to be designed.
j=1
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2.4. Saturated Input Control
The saturation function is a type of nonlinear function. To remove the obstacles of nonlinear characteristics to
system analysis, the saturation function can be represented by the following crucial inequality [7]:

{sat(u(k,i)([)) > min{ulim, ZCA:l mj(X)GE-k’:)(X(Z‘))X(T)}

J

sat(u®)(1)) < max{—u;,, Z;=1 mj(X)GEk’:)(x(t))x(t)} 4

Remark 1. The nonlinear saturation function sat(u(t)) is represented by its upper and lower bounds in (4). **These**
upper and lower bounds are used to perform stability and positivity analysis for the saturated positive polynomial fuzzy
system (2), respectively. The representation (4) of the saturation function fits well with the analytical characteristics of
positive systems. Furthermore, compared with the convex hull representation, it does not require the introduction of
auxiliary controllers for assisting analysis.

For simplicity, the time symbol "¢’ will be omitted in the subsequent analysis in this paper.

3. MAIN RESULTS

The objective of this paper is to design a polynomial fuzzy controller to make closed-loop system (2) positive and
asymptotically stable over the largest possible DOA, and the following theorem is proposed to design the polynomial
fuzzy controller gains.

Theorem 1. The saturated polynomial fuzzy system (2) is asymptotically stable and remains non-negative in a
maximum DOA if there exist vectors A € R", scalars A and A, polynomial matrices L ;/(x) € RX" and O i (x) € R,

and positive polynomial scalars qui(x), Yqzs(x) and R (x),Vq; € {1,2},9, € {3,4},4 € {1,2,3},i,s €Ep,¢* € c”,

such that the following SOS-based conditions are satisfied:
min #
s.t.a) v (€ = ATx])v is SOS;
by vI(A@ — 9))v is SOS; Ya € n
) VT[ijl;)(X) - (D;0,x)" ) is SOS; Vj€p,l €2".penrem
d) v (ATx - Zel'x)v is SOS;
e) vi (A" B,(x)Dse,, — Je] B,(x)D,e,,)v is SOS; Vi € p,l € 2"
VY0 = 9,(x)v is SOS; Vg, € {1,2},i € p
&) VI (Y,,,(X) — 9;(x))v is SOS; Vg, € {3,4},s € p
M VT (Y, (%) = @,(x) — 94(X))v is SOS; Vg, € {1,2},i € p
D V(Y (%) — @, (x) = 95(X)v is SOS; Vg, € {3,4},5 € p
DV (Ryee (x) = 95(X))v is SOS; ¥4 € {1,2,3},¢* € o*
k) VI (B (%) = 9;(x)v is SOS; V¢* € o*
D VI By (x)v is SOS; V¢* € o*
m) v B3 (X)v is SOS; V¢* € o*
n) = V(0 (%) = 95(x)v is SOS; Vi, j € pl €2" a €
0) = VI (X[5),(x) = 9o(X)v is SOS; Vi, j € p,l € 2" a € n
p) v (AT B (x)e,, — de] B (x)e,,)v is SOS; Vs € p
DV D BDe,) AN D — N (B,(x)De,) @ Ix Py is SOS; Vi€ pl €2 a.fEn

p:pracn p:pracn
)V @ () = 919V is SOS; Vi j,s € pl € 2" a, f Ena # P Q)

First Author et al.: Preprint submitted to Elsevier Page 4 of 21
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The description of E | .+ (X), Bpcx(X), Bz (X), X1 (%), X;0(X) and G)E?s’lﬂ)(x) can be found in (35), (36), (37), (18), (19)
Oj(x)

———+—— which is obtained
?_ ATB,(xe,

and (44), respectively. The polynomial fuzzy controller gain is represented by G ;(X) =

by solving the aforementioned SOS conditions.

Remark 2. 7 is necessary to introduce the main parameters that appear in it: ? is the optimization parameter for the
DOA; A is the Lyapunov function variable; v is any vector of arbitrary dimension, independent of X; 9, — 9,¢(x) are
predefined positive scalar polynomials; y, and y, are parameters introduced by Lemma 1; 1 is a parameter introduced
by Lemma 2; X is a parameter introduced utilizing Lemma 3 and finally, ¢* denotes the number of subspaces into which
the state space is partitioned for the purposes of the Chebyshev piecewise approximation.

Proof 1. This proof consists of three parts: stability analysis, positive analysis, and maximization of DOA. In the
stability analysis part, a novel analysis method is proposed which incorporates the conditions of the estimation of
DOA. The nonconvex terms of the analysis resultant conditions are effectively handled by the novel convexification
methods, and the nonconvex positivity analysis resultant conditions are handled by the inequality lemma proposed in
this paper.

Part I: Stability Analysis

In order to perform the stability analysis for the saturated positive polynomial fuzzy system (2), the following linear
copositive Lyapunov function is adopted.:

V(x) = ATx 6)

Combining equation (4), the following inequality can be obtained.

p
V(x) = 2 w,(x)AT (A, (X)X + B,(x)sat(u))
i=1

p p m p
< Y w,0ATAx+ Y w, AT x Y B %) max{ -y, Y m j(x)Gj."*)(x)x}
i=1 i=1 k=1 j=1
p p P
= ; w,(x)ATA (X)X + max { 2 D w(xym;()[ty;,, A" B, (x)Dse,, + A7 B,(x)D] G, (x)x]} @)

i=1 i=1 j=1

where e,, € R™! is a column vector with all elements being 1; D, is a diagonal matrix with diagonal elements of 0
orl, VIl € 2"

It should be noted that the saturated system is not globally stable but only locally stable, which should be taken
into account in the stability analysis. In this paper, this local region is estimated by the level set of the linear copositive
Lyapunov function as follows:

PA) :={x>0,A"x<1} ®)

By introducing the level set inequality condition (8) into (7), the following inequality can be obtained:

p P
V(x) < max, DD wixm;x)[AT A (X)X = uy;,, AT B (x)D;e,, A7 x + ATB,(x)D] G (x)x] ©)

i=1 j=1

Inequality (9) still contains two non-convex terms, —u,imlTBi(x)D,emiTx and ATBi(X)Dl_G ;(X)x. Next, these two
non-convex terms will be individually convexified.

First Author et al.: Preprint submitted to Elsevier Page 5 of 21
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w A : The convexification of the non-convex term —u,;, A" B,(x)D,e,, A" x

. Lemma 2. There always exists a parameter A such that the following inequations hold:

ATx > Jelx, (10)
ATB,(x)Dje,, > Je' B,(x)Dje,,. (11)

12 where 1 is undecided scalar. e, € R is a column vector with all elements being 1, and e, € R™ is similar to e,,.

173 The Lemma 2 is utilized to handle the non-convex term —ulimlTBi(x)Dlem/lTx, then (9) can be derived as follows:
p D
T T T
V(x) < max, { Z‘f 2‘1 w;(x)m;(x)[ATA,(x) — uy;,, Ae] B,(x)D,e,, Je] + 17B,(x)D; G;(x)|x} (12)
i=1j
174 According to the Lemma 1, the following inequation holds:
~ttjjp 28, B;(X)D;€,, 4 < e, Bi(X)Dse,, (v} = 2, 4) (13)
175 Then, the following inequation holds:
PP
V(x) < max, { 2 Z w;(x)m;(x)[ATA;(X) + uy;, el B,(x)Dje, (v7 — 2y, Del + ATB,(xD; G,(x)|x}  (14)
i=1 j=1

s B : The convexification of the non-convex term ,ITB,-(X)DI‘GJ- (x)

0,(x)
P ATB, (e,

s Wwhere e, € R is a column vector with all elements being 1, ek denotes only the k™ element of e, is 1, other

179 elements are 0. A is the undecided variable of the linear coposmve Lyapunov function.

180 Let QJ/(X) D O (x), if there exists a polynomial variable L (X)) € R that satisfies L [(X) > Q;’;’:)(X) (where

181 Q;r[’:)(x) denotes the r-th row vecior of Q;/(x)), which means that the f-th element of QE’I )(x) is less than or equal to

17 For the non-convex term /ITBi(X)DI_G (%), the controller gain is designed as G;(x) = € Rmxn,

182 the ff-th element ofi j1(X) for all p € nand r € m, then (14) can be derived as follows:

PP
V(x) < 1r<r11ax { z 2 w;(x)m;(X) [/ITAi(X) + u,imenTBi(x)D,em(ylz -2y ;1)63; + /ITB,-(X)X
i=1 j=1

Dl_Oj (x)
Z§=1 mS(X)lTBs(X)em

Jx}-

Z w;(x)ATB;(X)e,,

< max {Zw(x)[ﬂA (X)X + ;e B;(x)Dye,, (r2 — 27, x| +

1<i<2m

X m(x)A B,(x)e, 8

14
D m L (x)x . (15)
j=1

i w-(x)lTB-(x)e
i=1

183 For the non-convex term f(X) m
m S m

in (15), the sector nonlinearity technique is adopted to fuzzify

i w; (x)/lTB,-(x)e,,,

w4 it. Assume that positive scalars [, and [, are the minimum and maximum values of m in the
185 operating domain of X defined previously, respectively. Then the nonlinear term f(X) is represented as follows:
J ) = vyt ) S i + Hve (%) f s (16)

First Author et al.: Preprint submitted to Elsevier Page 6 of 21
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186 where pyp(X) = %, e (X) =1 = puppt (X). frar @nd fin are two constants that are slightly greater than and
min~ J max

17 less than I respectively in a case that w;(X) and m;(X) are closed to each other.

188 After the above treatment of non-convex terms and defining f| = fiin, f2 = fimax equation (15) can be represented

180 as follows:

)4 p 2
V(x) < max, { ; w,()[ AT A, (OX + uy;, el B, ()D€, (7 = 2 DX| + D D m (X ppe £y (00X }

j=1v=1

p p 2
5 3 -
= max, { ,; ,ZT Zi w;()m; (X pipge [ATA(X) + w5, B,(0OD e, (7 = 27 el + £, L,0|x}. (17)

190 The following definitions are given:
Y, %) =ATA;(%) + el B,0ODye,, (v — 27 el + fiL; (%) (18)
Y200 =AT A () + wyen B, (ODse,, (v] — 27, e + frLy (%) (19)
101 Due to the conditions 0 < ppyp (X) < 1, and 0 < ppp(X) < 1, also all elements of the system state X are non-negative

w2 for positive system, if the following conditions hold, it can be concluded that V(x) < 0 is satisfied:

w;(X)m;(x)Y;;,(x) <0 (20)

M-~
M-~

Il
—_
~.
Il
—_

M-~
Mh

w;(X)m; (X)Yu,z(x) <0 2n

Il
—_
<.
Il
—_

D w0ATB;(%)e,,
_ m,(x)ATB,(x)e,,

(22)

5
5
|

max

103 It should be noted that the polynomial resultant conditions need to be calculated by SOSTOOLS toolbox to obtain
14 the controller gains, but this toolbox cannot handle nonlinear terms, such as nonlinear membership functions. For
s conditions (20) and (21), they are guaranteed by Yull (x) < 0 and Yijlz(x) < 0 if the membership functions w;(X) and
we  m;(x) are both greater than zero. However, the nonlinear membership functions embedded in condition (22) cannot
1w be ignored. To handle the nonconvex condition (22), an advanced Chebyshev approximation method is proposed to
s perform piecewise approximation for the initial nonlinear membership function. The obtained piecewise Chebyshev
10 membership function is described in polynomial form, so it can be calculated by the SOSTOOLS toolbox.

200 To be specific, the nonlinear membership functions w;(X) and my(X) are approximated by the following piecewise
201 Chebyshev membership function:

*

* ng*
w;(x) = 2 P (%) (@ . + 2 @ Xy ™), (23)
¢*=1
my(x) = Y, (0B .+ Z bY n04, (X)), (24)
¢*=1

202 where 6 is the number into which the state space is divided when the membership function is approximated piecewise,
203 and each state subspace is denoted as ‘I‘g*,g* € o*. When x € W, @o(x) is 1, and when x & W, ¢+(X)
s 05 0. k) . and K*g* are the maximum approximate orders of w;(X) and my(X) in state subspace ¥, respectively.

*

205 )(q x) and 0, (x) are polynomlals with order q,, and g, respectively. The coefficients of these pol\nomlals are

206 s ,...,a¥ ,and b*  b* .., b ., which are optimized by the Remez algorithm.
Olg ltg* mg Os¢*” “1s¢*’ nsg*’
207 To obtain smaller approximate errors, the state space segmentation and approximation order selection of the

208 piecewise Chebyshev membership functions (23) and (24) are determined by Algorithm 1 in Appendix A.
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Remark 3. In reference [36], the operating domain ¥ is equally divided into ¢* subspaces, it is suitable for smooth
membership functions, but it will lead to large approximation error for the non-smooth membership functions. In
addition, the maximum approximate order is the same in all subspace ¥ .. in reference [36], i.e., k,c+ is the same for
all subspace ¥ «, and K, also is the same for all subspace ¥ .., which adds unnecessary computational burden and
is not conducive to reducing conservatism. In contrast, the state space segmentation o and the maximum approximate
orders K.~ and K.+ in this paper are optimized by the Algorithm I proposed above, which measures the demand for
state space segmentation and approximate order according to the breakpoint of the first derivative of the membership
function and the curvature of the membership function, respectively. This helps to reduce the computational burden
and approximate error, and thus reduce the conservatism of the analysis results.

K*
we

Denote the approximated sub-membership functions in state subspace ¥ . as w;«(X) 1= a(”;ig* + > a q i Xay (x)
q,=1

s

K*

and Mg« (X) 1= bgyg + Zl bzmsg* 0y, (x), the approximation errors of w;(X) and m,..(X) are defined as Aw;.+(x) =

Wicx(X) — uAJ,-g* (x) and Am(x) = my(X) — My (X), respectively. The upper boundary and lower boundary of
Aw;«(X) are w; and &, respectively; the upper boundary and lower boundary of Am . (X) are Es and ¢ , respectively.
These approximated membership functions and the approximation error can be used to replace the initial nonlinear
membership functions of condition (22). For simplicity, denote w;(X) = /ITB,-(X)em and wy(X) = /ITBS(X)em, then the
terms that contain nonlinear membership functions in (22) can be handled as follows:

P
W (X) < ) w,X)m(x) < W 4, (x) (25)
i=1
p —
M_(x) < ) m(X)m(x) < M, (x) (26)
s=1
in which
W _(x)= Z P (X) 2[(w,g () + T ) (%) + (7, — 7)Y (), 27)
¢*=1 i=1
W (%) = Z P (X) Z[(w,g ) + 7, )@ (%) + (T — 7, )V (), (28)
M_(x) = Z P+ (%) Z[(msg* %) + Dy )T + (D~ by )Va (X)L, (29)
¢*=1 s=1 :
— o-* p —
Mo(X)= Y, 0 () Y0 (X) + § w7, + (oo = ¢ )V (0)]- (30)
¢*=1 s=1 ’ ‘

where Y|;(X), Y5,(X), Y3,(X) and Y,,(X) are positive decision variables which should satisfy Y;(X) > @;(X), Y;(x) >
w;(X), Y3,(X) > w,(X) and Y, (X) > @ (X).
Then the following inequation holds:
wW_x Y w®ABXe, W_(x)
— < <
M (x) P m)ATB(x)e, — M (xX)

(€29
® and Y=® Wy < fonax are satisfied, the condition (22) can be guaranteed. In addition, since

Thus, if fin < _“’( : Mo S

the membership-function-dependent terms W _(X), ﬁw(x), Ww(x) and M _(X) should be satisfied in every state
subspace instead of global state space, it is more relaxed to introduce the boundary information of the state subspace
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22 into above inequation constraint conditions. So the constraint conditions f,,;, < :wzxi and ZLX; < finax can be
X —w
23 relaxed as follows:
M_ (%)= Y ¢ XEXR,- >0 (32)
=
P e
W) = frinM o (X) = D @ (REX) Ry > 0, (33)
=
—_— 6*
FmaxM (0 =W (%) = Y 9 (E®)Rage > 0, (34)
¢*=1

24 where §(X) = Zzzl(xog* = X o min)(Xoc* max — Xocx )(X), Xoox min ANd X s may are the minimum and maximum values of
235 the system state variable x, when it satisfies x, € ¥ «, so they carry boundary information of the state subspace; R, -,
2 Roov and Rs .« are the positive decision scalars which are used to assist in introducing boundary information of the state

27 subspace through the S-procedure. It should be noted that ﬁw(x) > 0 naturally holds due to Z? _ m(X)w(x) >0,

28 50 only the constraint condition M _(x) > 0 is set, but no constraint condition is set for ﬁw(x).

239 Based on the definitions of w._(x), Ww(x), M_(x), and ﬁw(x) in (27)-(30), the equivalent conditions of
xuo  inequalities (32)-(34) can be obtained:

By (%)

p
= Y [0t (%) + ) (X) + @Sg* b)Y (X)] — Z(xag Xoc min) Xoc max = Xoc ) R1c+(X) > 0, (35)
s=1
By (%)

P 14
= Z[(w,-g*(X) + i )(X) + (Z = i)Yo (0] = Sinin Z[(ﬁug* (x) + ng* Y@ (X) + (Pyer — gg*)ﬂs(X)l

i=1 s=1
_ Z(xog* = X et min)Xoct max = Xocr ) Roer(X) > 0, (36)

B (%)
p p

=Finax Q0o () + BT, (X) + (B, = Py Vg0 = D [(ye (0 + 7, ), 00 + (Figo = 7, )Y (9]

s=1 i=1

- Z(Xr)g* — Xog* min)(xag* max xog*)Rng* (x) 2 0. (37

241

22 Part II: Positive Analysis

23 Combined with the inequality form of input saturation (4) and the level set of linear copositive Lyapunov function
s (8), the closed-loop system can be represented as follows:

w;(x)(A;(X)X + B;sat(u))

p m 14
w;(X)A,; (X)X + Z w;(x) Z B9 (%) min{uy;,,, Z m; (X)G;k’:)(x)x}

i=1 k=1 j=1
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p P
= Z JOA (X)X + min { Z Z w;(x)m;(X)[u;;,B,(x)Dje,, + B,(x)D; G;(x)x]}
i=1 i=1 j=
P
T
1?122»« { ;}, ,Z} w;(X)m;(X)[A;(X) + u;;,,B;(x)Dse,, A" + B;(x)D; G; (x)]x} (38)
In order to ensure that the system states are always stay in the positive orthant, the derivative of the state reaching
the boundary needs to be non-negative, i.e., X; > 0 when x; = 0. Thus, the positivity condition can be obtained as

Sfollows:

> AP X) + uy,,(B,(x)D;e,,) (AT + (B,(x)Dl_)(“’:)G;:’ﬂ)(x)]x(ﬂ) >0,Va € n,1 €2 (39)
p:p#acn
In order to unify the forms of the decision variables in the stability conditions and positivity conditions, G ;(x)
O (x)
. s(X)lTBs(X) e
Zf - ms(x)lTB (Xx)e,, > 0. Therefore, the positive condition for the polynomial fuzzy closed-loop system (2) is:

in the above conditions should be replaced with . Since 4 > 0,B;(x) > 0,e,, > 0, we have

)4
Yomx) Y [ATB (e, AP (x) + ATB,(X)e,, 1y, (B,(x)Dse, ) (AT 4 (B, (D) 08 P x)1x
s=1 p:p#acn

x# >0,va € n (40)

Lemma 3. There always exists a parameter 1 such that the following inequations hold:

ATB(x)e,, > le! B (x)e,, (4D
Y B,xDe,) NP > N (B,(x)De,) ) ix P, (42)
p:p+aen p:pacn

where 1 is undecided scalar. e,, € R"™ " is a column vector with all elements being 1, and e, € R"™ is similar to e,,.
Proof 3. This proof is similar to the proof of the Lemma 2, so it is omitted.

Following the similar convexification line of the nonconvex term —uy;,, AT B;(x)D,e,, A X in stability conditions, the
nonconvex positivity condition (40) can be transformed as the following convex condition based on Lemmas I and 3:

p
Y omx Y [ATBx)e, A" (x) + ] B (X)e, 1, (B, (x)Dse,) @ (v3 — 2y, )+
s=1 p:pFacn

(B,0D,) =)0 P (x)1x P > 0,Va € n (43)

Since my(x) > 0,VYs € p, and x# > 0,Vp € n, the above positivity condition can be satisfied if the following
positivity conditions hold:

0V (x) = ATB,(x)e, A" (x) + €] B, (x)e,,1t;,,(B;()D€,) (13 = 21,0) + (B,(x)D)* V0 P x)
>0;Va#pEn (44)

Remark 4. In this paper, the level set of the linear copositive Lyapunov function is incorporated into the stability
conditions and positivity conditions without introducing the decision variable, which may be more relaxed because
it removes the traditional constraint that the level set must be included in region {x : ||Hx|, < 1}, where H
is auxiliary controller gain when the saturation function is represented by the convex hull representation. Also, to
reduce the computational complexity of the iterative algorithm [7], the nonconvex stability conditions and positivity
conditions are effectively handled by the proposed convexfication strategy which contains the proposed lemmas, sector
nonlinear method and advanced Chebyshev MFD method, so that the controller gains and other decision variables
can be obtained by one-step calculation. In conclusion, the analysis method and convexification strategy proposed in
this paper provide less conservative results and simpler calculation programs.
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Part I11: Maximization of DOA

If the stability conditions X ;;;,(X) < 0, X;;;5(X) < 0, constraint conditions (32), (33), (34) and positivity conditions
(44) all are satisfied, the level set of Lyapunov function P(1) can be regarded as the DOA of the systems, but the level
set should be optimized by the following condition to find the largest one:

£Qp C P(A) 45)
where ¢ is the optimize parameter, reference set Qp is set as the polyhedron set: Qg = co{xé, Xg, - X(l) }, then the
above condition means that every vertex of Q g is contained within the region P(1), i.e., the following condition holds:

f_
ATex) <l /- ATx] > 0;VF e l. (46)

With the smallest £ being obtained, the largest region P(1) can be obtained as the least conservative estimation of the
DOA.

4. STABILITY ANALYSIS WITH CHEBYSGEV MFDS

In order to further reduce the conservatism of the results in Theorem 1 and expand the estimated DOA of the
closed-loop system (2), the advanced piecewise Chebyshev MFD approach, as discussed in the stability analysis part
of the previous section, is used to handle the stability conditions (20) and (21) in this section.

The membership functions defined in stability conditions (20) and (21) are h; ; (x) = w;(x)m J (x), and h; j (x) are also
nonlinear functions. Similar to the previous section, A;;(x) are approximated by the following piecewise Chebyshev
approximation membership functions:

hyj(x) = 2 P (X (g + Z ¢} e Tan ™), (47)

¢*=1 qp=1

where th* is the maximum approximate order of A;;(x) in state subspace ¥... 7, ,(X) is polynomial of order g,
col.jg*, Ujg*, ...,C m/g are the polynomials coefﬁc1ents optimized by Remez algorlthm
Denote the approximated sub-membership functions in state subspace ¥ . as h, jer(X) 01 et Z_ anijc* Fan (x),

the approximation errors of h;;..(x) are defined as Ah;;.«(X) = h;;«(X) — h;;«(X) . The upper boundary and lower
boundary of Ah;;..(x) are 6, jor and éijg*, respectively. If there exist a positive slack vectors Ry «, Rs . and positive
decision vectors N,j”(x), N,J,2(x) such that N,jll(x) > Y,-j“(x), Nijlz(x) > Yijlz(x),Vi,j € p,l € 2" is satisfied, the
stability conditions (20) and (21) can be relaxed as the following MFD stability conditions:

)4
2[(h,jg*(x)+5u o )ij}l(x)+(5ug 8 ij}l(x) Z(xag X o+ min) Kog® max —xog*)Rg?*(x)
i=1
Vi,jeple2’ " €cta€n (48)
Z[(h,,g () + 8, Y00 (%) + B = 8, N (0] = Z(xog* — Xog min) ogs max — Xog+ JRGE, (%)
=1
Vl,JGB,IEZ_,g €c’,aen (49)

By replacing the sub-conditions n) and o) in Theorem 1 with the aforementioned MFD stability conditions and the
constraint conditions on N; ;1 (x), N;;,(x), we obtain the following theorem:

Theorem 2. The saturated polynomial fuzzy system (2) is asymptotically stable and remains non-negative in a
maximum DOA if there exist vectors A € R", scalars A and A, polynomial matrices L j1(X) € R" and O; i(x) € Rmxn
and positive polynomial scalars Y, ,(x) Y, S(X) and R;.+(x),Vq; € {1,2},q, € {3,4},§ € {1,2,3},i,s € p.c* o’

First Author et al.: Preprint submitted to Elsevier Page 11 of 21



Short Title of the Article

204 and positive polynomial vectors R4g* (%), ng* (%), Nij”(x), and Nijlz(x), Vi,j € g,l € 2", ¢* € o¥, such that the
25 following SOS-based conditions are satisfied:
min Z
s.t.a)Subequations a) —m) of (5);
b) VI R4+ (x) — 95(x))v is SOS; V¢* € o*
) VI R+ (x) = 99(x))v is SOS; V¢* € o*

d) V(NI (%) = Y5, (%) = 9,0()v is SOS; Vi, j € pl € 2" a €n

e) VI (NI, (%) = Y%, (%) = 9, ()v is SOS; Vi, j € pl € 2" a €n

HIVINGL 0 = 91, is SOS; Vi,j € pl €2 a€n

) VI (N, (0 = 813(0)v is SOS; Vi, j € pl €2"a €n

h) —vT(Z[(%,,g*(xH 8, () + (e = 8, NG ()] = Z(xog Xoct min) (Xogt max = Xocr)X

R(") (X) — 9,4(x))v is SOS; Vi,j € p.l € 2" a € n.¢* € ¢*

i - \/T(Z[(hug )+

i=1
R(“) (X) — 9,5(x))v is SOS; Vi,j € p,l € 2", a € n,¢* € ¢*

n
@ @
81 e (0 + Bier = 8, NI, (0] = D Koct = Xoet min) Foct max = Xoer)X
o=

) vT(/lTBS(x)em — Je) B,(x)e,,)v is SOS; Vs € p
VI Y BxDe,)ANEIxD - N (B,(x)Dse,)  Ix Py is SOS; Vi€ pl €2" a,fEn

p:p#a€n p:p#acn
D V@D () = 8150 is SOS; Vi, j,s € p.l €2",a #

(50)

26 where 9, ~ 916(X) also are predetermined positive scalar polynomials, and other variables all have been described
207 in Theorem 1.

2 5. SIMULATION EXAMPLES

299 In this section, a numerical example and the lipoprotein metabolism and potassium ion transfer model are employed
a0 to validate the theoretical results of this paper.

sm  Example 1. The nonlinear positive system is modeled using a polynomial fuzzy modeling approach, resulting in a
32 polynomial fuzzy positive system with three fuzzy rules. The polynomial system matrix and the polynomial input matrix
33 are given as follows:

[ —0.039 28.82 —0.037 26.71
M= ooy ]’A2("1):[ 080  —4—1.20x2 ]
[ —0.033 22.07
Aslx) = I -205-x2—x ]
3 27+0. 05x 2.90 + 0. 02x 2.09 +0.10x>
= = = 1
B(x)) = _ 0.05 ] By(x)) = [ 0.05 ] B;(x) = [ 0.05 ] (51
304 The system is subject to input saturation limit of uj;,, = 10, and the membership functions for the system are shown
s below:
1 1
wi(x;) = s ws(xy) =

1+ exp[=5(x; — 2.375)] 1+ exp[=5(x; — 3.625)]’
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Table 1
The rule for selecting the approximation order

K [0,0.1) [0.1,0.6) [0.6,1]

F¢*

order 0 2 4

Table 2
The maximum absolute approximation error of the nonsmooth function in different intervals(Algorithm 1)

Subspaces  my(x;) order  m,(x,) order  m4(x;) order

[0,2) 33307x 10716 0 0 0 0 0
[2,2.75) 1.2990x 107 2 4.7740x 1015 2 0 0
[2.75,3.25) 0 0 3.3307x 107 0 0 0
[3.25,4) 0 0 1.4766x 107" 2 92149x 1071 2
[4,6] 0 0 0 0 3.3307x107'6 0
Table 3
The maximum absolute approximation error of the nonsmooth function in different intervals(Equal partitioning)
Interval m,(X) my(X) m5(X)
[0,1.2) 3.3307 x 10716 0 0
[1.2,2.4) 0.2759 0.2759 0
[2.4,3.6) 0.1625 0.1463 0.1582
[3.6,4.8) 0 0.3017 0.3037
[4.8,6] 0 0 3.3307 x 10716
I/U2(xl)= 1 —wl(xl)—w3(x1). (52)

The system membership functions above are complicated, to minimize the implementation cost of the controller,
the polynomial fuzzy controller is designed based on the IPM concept, the membership functions for the controller are
chosen to be the following simple functions:

0 if x,>275 1 if x; >4
mye) =4 —smex F 22 if 2<x K275, my(x) =4 =% — 22 if 325<x, <4,

1 if x; <2 0 if x; <325
mz(xl) = 1 - ml(xl) - m3(x1). (53)

To validate the effectiveness of the proposed Algorithm 1, the Chebyshev approximation of membership functions
is performed using both the algorithm proposed in this paper and the method in reference [36]. The entire operating
range is set as x; € [0,6]. When the Algorithm 1 is used to approximate the membership functions, the parameter p
is set to 0.5 and the rule for selecting the approximation order is shown in Table 1. The partitioned state subspaces,
maximum absolute approximation errors of the Chebyshev approximation functions in each state subspace, and the
approximation orders are presented in Table 2.

When the Chebyshev membership functions approximation method in [36] is used, the state space is evenly divided
into 5 state subspaces, and the approximation order in each state subspace is set to 2. The partitioned state subspaces
and the maximum absolute approximation error of the Chebyshev approximation functions in each state subspace are
presented in Table 3.

From Tables 2 and 3, it can be observed that the maximum absolute approximation error obtained by the method
in reference [36] is larger than the maximum absolute approximation error obtained by Algorithm 1 in this paper. This
indicates that the algorithm proposed in this paper provides better approximation results for non-smooth membership
functions than the approximation method in [36].
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Table 4
1,2, 0; of Theorem 1 and Theorem 2
A l 0,
0,(x,) = [-2.0281x10-°x7 =5.7010x 10 x, —2.7577,0.6235x2 +0.1615x, —4.7365]
Theorem 1 [?ﬁ] 0.23 0,(x)) = [—2.0284)(10‘6xf—5.7010><10‘2xI —2.7577,0.6235x?+0.1615x, —4.7365]

0;(x,) = [-2.0284%x107° %—5.7010)(10‘2xl —2.7577,O.6235x§+0.1615xl —4.7365]

0,(x,) = [0.5170x — 1.8951x, — 2.0655,0.6143x + 1.8645 x 10 x, — 4.1251]
Theorem 2 [(1)'(2)8] 0.20 0,(x;) = [0.3472x — 2.1053x, — 1.7024,0.5370x + 1.0445 x 10~'x; — 4.0512]
05(x,) = [0.1954x — 2.0709x, — 1.8682, 0.4843x> + 8.3471 x 10~%x, — 4.0517]

5.1. Simulation Parameter Settings

When Theorem 1 is applied to system (51), The parameters 91 — 9,¢(X) in Theorem I are set as 1 X 1073, y, =
0.23,y, = 1x1073, Smin = 0.92, frax = 1.1, p = 0.5; both the polynomial fuzzy controller gains O ;(x) and the undeter-
mined matrixes Y\;(X), Y,;(X), Y34(X), Yy, (X), R o+ (X), Ry« (X), R« (X) are set to second-order polynomials dependent
on xy. Following Algorithm 1, the entire operating domain is partitioned into [0,2),[2,2.75),[2.75,3.25),[3.25,4),
and [4, 6] based on the breakpoints of the first-order derivative of the membership functions. Furthermore, inspired
by reference [33], the reference set for the DOA is selected as ygr = co{(sin(8),cos(0))},0 € [0, %], with 0 ranging

from [0, %]. When 6 = %, ? takes the minimum value, enabling the system to achieve the maximum DOA. Finally, the

obtained polynomial fuzzy controller gains O;(x), Lyapunov function variables A, and Z are presented in the Table 4.

When Theorem 2 is applied to system (51), The parameters 9; ~ 9¢(X) in Theorem 2 are set as 1 X 1073 and
r1 = 0.20, the undetermined matrixes Ry« (X), Rs«(X), N;j;;(X) and N;;o(X) are set to second-order polynomials
dependent on x . Other parameters are set the same as in the simulations of Theorem 1. The polynomial fuzzy controller
gains O;(x), Lyapunov function variables A, and £ obtained from the simulations are presented in Table 4.

5.2. Discussion and Explanation

1 Theorem 1 in [33]]]
—— Theorem 1

—— Theorem 2

Z2

Fig. 1: Estimated DOAs for the polynomial fuzzy system are obtained using Theorems 1-2 in this paper and Theorem 1 in
[33], along with a quiver plot.

The DOAs obtained by Theorems 1 and 2 in this paper, as well as the DOA obtained by Theorem 1 in reference
[33], are drawn as red, blue, and green curves, respectively, in Fig. 1. When the approximation method in [36] is
applied to perform MFD analysis for system (51), the approximate errors of the membership functions are so large
that the analysis is too conservative, resulting in no feasible DOA being obtained. This indicates that Algorithm 1
proposed in this paper has stronger approximation ability than the approximation method in [36], and is more helpful
to relax the conservatism of the results. The DOAs in Fig. I indicate that the novel analysis strategy and corresponding
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0.5

(0) = [‘145 0.5]" = [i.s 0.5]"
- - -x(0)=[30.2]" =[302]T
- - x(0) =[20.4]" i =204
x(0) =[5 0] 04 =[50]"
03¢
02f
0.11
0
6 0 6

Fig. 2: The response curves of the system under different initial conditions

—Gx
_sH - — —sat(u) |/
-10
-15 -
< 20 —orTT7
= -15
-25 20
=30t =25
0 0.05 0.1 0.15
=35
—40 ‘ ‘ ‘
1 2 4 5 6

3
t(s)

Fig. 3: The time response curve of the control input signal under the initial condition x(0) = [5,0]".

convexification strategy in this paper can expand the estimation of DOA more effectively than the analysis strategy
based on the diagonal quadratic Lyapunov function and classical convex hull representation in [33]. Moreover, the
application of the advanced Chebyshev MFD method to introduce membership functions information into stability
conditions is helpful to further enlarge the estimation of DOA. Additionally, the quiver plots within the DOAs indicate
that the initial states within all DOAs can be controlled to the origin by saturated control signals.

To provide a more intuitive display of the control performance of the polynomial fuzzy controller designed in this
paper, the controller obtained by Theorem 2 is used to control the system (51). Four different initial conditions, denoted
as x(0) = [1.5,0.517, x(0) = [3,0.2], x(0) = [2,0.4]7, and x(0) = [5,0]T, are selected, and the time responses of
system states are shown in Fig. 2. When the initial condition is x(0) = [5,0]7, the corresponding control inputs are
shown in Fig. 3. In Fig. 3, the actual control input signal G(X)X and the saturated control input signal sat(u) are
represented by solid and dashed lines, respectively. The control input signal G(X)X initially exceeds the saturation
limit of 10 in Fig. 3, indicating that the system is subject to input saturation. The simulations above demonstrate that
the polynomial fuzzy controller designed in this paper can drive the system states within the estimated DOA to the
origin and keep them nonnegative.

Example 2. The lipoprotein metabolism and potassium ion transfer model can be represented by a general two-
compartment model with arbitrary inputs (inflows) and outputs (excretions). This model can be described as the
following nonlinear system: x(t) = A(x(?))x(t) + B(x(®)u(t), where x(t) = [x,(t) x,()]" denote the material of
corresponding compartment in mass units, respectively; u(t) = [u,(t) u,()]” denote the instantaneous rate of flow of
material from outside the system (environment) into the corresponding compartment in units of mass/time. The system
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matrix and input matrix are as follows:

AKx) =

.2 -2
—-0.2-0.07sin’x; 0.83 ],B(x): [ 0.6+ 0.07sin”x; 0.1 (54)

1.65 -0.2 0.5 0.1 |-

The lipoprotein metabolism and potassium ion transfer system (54) is open-loop unstable, meaning that the patient
is unable to achieve normal autonomic metabolism due to functional failure. Next, a polynomial fuzzy controller is
designed for the system (54) to treat the patient through the method proposed in this paper.

The nonlinear term 0.07 sin’ X in system (54) can be expressed as 0.07x; + O.O7(sin2 X1 — x1). Define g(x;) =
0.07(sin’ x| — Xx;), employing sector nonlinear technique on g(x,), then it can be represented as follows:

g(x]) = w](x)gmax + I’bZ(X)gmin (55)

g(xl )_gmin
max ~8min

over the operational domain, respectively.

The operational domain of the system state is set to x| € [0, 6], then g,;, = —0.4145, g.... = 0. Next, a polynomial
fuzzy system with two rules can be used to describe the lipoprotein metabolism and potassium ion transfer system with
input saturation limit 10, the system matrix and input matrix are as follows:

where | (X) = and Wy(X) = 1 — 0 (X), &max ANA &min Fepresent the maximum and minimum values of g(x;)

_ [ -02-007x, 0583 _ [ 02 -(0.07x, - 0.4145) 0.83
Al = [ 1.65 -0.2 ] Ao(X) = [ 1.65 -02 |
_ [ 0.6+0.07x, 0.1 _ [ 0.6+0.07x, —0.4145 0.1
B0 = [ 05 01 ]’BZ(X) = [ 0.5 0.1 ] (56)

The fuzzy controller of example 2 also is designed by IPM concept. The controller membership function m(X) is
the same as (50), and my(X) = 1 — m(X).

5.1. Simulation Parameter Settings

When Theorem 1 is applied to system (56). The parameters 91 — 9,¢(X) in Theorem I are set as 1 X 1073, y, =
0.29,7, = Ix1073, £, .. = 0.92, f,... = 1.3, p = 0.5; both the polynomial fuzzy controller gains O, (x) and the undeter-
mined matrixes Y\;(X), Y,;(X), Y34(X), Yy, (X), R o+ (X), Ry« (X), Ry« (X) are set to second-order polynomials dependent
on xy. Following Algorithm 1, the entire operating domain is partitioned into [0,2),[2,2.75),[2.75,3.25),[3.25,4),
and [4, 6] based on the breakpoints of the first-order derivative of the membership functions. Furthermore, inspired
by reference [33], the reference set for the DOA is selected as yr = co{(sin(8),cos(9))},0 € [0, %], with 0 ranging

from [0, %]. When 6 = 72—[ ? takes the minimum value, enabling the system to achieve the maximum DOA. Finally, the

obtained polynomial fuzzy controller gains O;(x), Lyapunov function variables A, and Z are presented in the Table 5.

When Theorem 2 is applied to system (56). The parameters 8 ~ 9¢(X) in Theorem 2 are set as 1 X 1073 and
r1 = 0.18, the undetermined matrixes Ry« (X), Rso«(X), N;j;1(X) and N, p(X) are set to second-order polynomials
dependent on x . Other parameters are set the same as in the simulations of Theorem 1. The polynomial fuzzy controller
gains O;(x), Lyapunov function variables A, and £ obtained from the simulations are presented in Table 5.

5.2. Discussion and Explanation

The DOAs obtained by Theorem I and Theorem 2 applied to the system (56) and the corresponding Quiver plot of
states are shown in Fig. 4. From Fig. 4, it can be seen that the state points in the DOAs obtained by Theorem I and
Theorem 2 can be controlled to the origin in a finite time and remain non-negative. In addition, the DOA obtained by
Theorem 2 is larger than that obtained by Theorem 1, because the membership functions information is introduced
into the stability conditions by the advanced Chebyshev MFD method in Theorem 2, which reduces the conservatism
of the result.

To demonstrate the effectiveness of the proposed analysis strategies from another perspective, the polynomial
fuzzy controller derived from Theorem 2 is used to control system (56). Four different initial conditions are selected:
x(0) = [0,3.917, x(0) = [1,2.5]7, x(0) = [3,1.5]7, and x(0) = [5.5,017. The time responses of system states are
shown in Fig. 5. Fig. 6 illustrates the actual control input signal G(X)x and the saturated control input signal sat(u)
with solid and dashed lines, respectively. Both the actual control input signals G(X)X for u(t) and u,(t) initially exceed
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Table 5
A7, Oj of Theorem 1 and Theorem 2
A £ | o,
O,(x) =

[ 1.6059 x 10‘7xf —1.1055 x 1072x, — 0.8570, —8.4838 x 10‘7x% —5.6226 x 1075x, — 0.2015

Theorem 1 [8i?] 0.28 0—(1.3)453 x 1077 % —3.5821 x 1072x; — 0.8810, —1.0491 x 107° f —7.7454 x 1073x, — 0.2883
: h(Xy) =

[ 16105 x 1077x% — 1.1055 X 10-2x, — 0.8570, —8.4838 x 10~7x? — 5.6226 x 10~2x, — 0.2015
~1.3377 x 10”7x% = 3.5821 x 10~x, — 0.8810, =1.0491 x 10-5x% — 7.7454 x 10~x, — 0.2883

|
|

1
0,(x)) =

[3.4114 x IO‘fo —9.0002 x 1072x, — 0.4864,4.1225 x 10‘2xf —1.0149 x 107 !x, — 0.1501]
Theorem 2 [8;2] 0.23 03.(66;14 X 10‘2xf —1.2945 x 1072x, — 0.4732,3.8971 x 10‘2xf —1.1503 x 107'x, — 0.1649
: h(X1) =

[8.0747 x 10’3xf —8.7848 x 1072x, — 0.4416,5.9348 x 1073 f —5.1740 x 102x, — 0.0959
8.9110 x 10‘3x§ —1.0878 x 107'x, — 0.4117,5.6635 x 1073 f —5.3008 x 1072x, — 0.1049

4 ‘ ‘
Theorem 1
3.5 NN i —— Theorem 2 |]
N
3R 17 1
\ 1/ e

Fig. 4: Estimated DOAs for the polynomial fuzzy system are obtained using Theorems 1-2 in this paper , along with a
quiver plot.

the saturated input limit of 10, indicating that the system is subject to input saturation constraints. The above simulation
results show that the polynomial fuzzy controller designed in this paper can effectively stabilize the system and keep
the system state non-negative, which means that the patient’s metabolism can be restored to normal after treatment by
the polynomial fuzzy controller designed in this paper.

Remark 5. The algorithm proposed in this paper is a one-step calculation method, which has a lower computational
complexity compared to iterative calculation methods. When solving the conditions of Theorem 1 in a computer with
16G RAM and an i5-12400 CPU using MATLAB 2014a, Example 1 took 135 seconds and Example 2 took 97 seconds.
In contrast, the conditions of Theorem 2 took 1139 seconds for Example 1 and 931 seconds for Example 2. It is
evident that introducing membership function information increases computational complexity, but as shown in the
DOA comparison in Fig. 1 and 4, it effectively enlarges the DOA. Therefore, the algorithm in this paper is more suited
to customize mid-term or longer-term control strategies for systems.
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6 T = 4 T -
x(0) = [0 3.9] x(0) = [0 3.9]
- - -x(0) =[125] 35 - - -x(0)=[125]" ||
5 - - x(0)=[3 15" - - x(0)=[315"
x(0) = [5.5 0] 3l x(0) = [5.5 0" |
4r 5
2.5F
= 4 = |
=3 = ol
g 3f g
I
A
\ 2 155
2r S N
\ L Sl 1
1 \ 0 T e e e
N 0 1 2 3 4 05 4
S
0 T n 0 L i
0 5 10 15 20 0 5 10 15 20

t (s) t(s)
(a) (b)

Fig. 5: The response curves of the system under different initial conditions

—Gx Gx
- — —sat(u) || - — —sat(u)
0.5 1 0.5 1
-14 - : : ~15 . . .
0 5 10 15 20 0 5 10 15 20

t(s) t(s)
(a) (b)

Fig. 6: The time response curve of the control input signal under the initial condition x(0) = [5.5,0]".

6. CONCLUSION

The DOA estimation has been investigated for the continuous-time positive polynomial fuzzy systems subject
to input saturation in this paper. A novel analysis strategy based on inequality form of saturated function has been
implemented to reduce the conservatism of the results. The non-convex problems encountered when the above analysis
strategy are implemented on positive polynomial fuzzy systems have been solved by proposing some inequality lemmas
and the advanced Chebyshev MFD method. Finally, the effectiveness and applicability of the novel analysis strategy and
the convexification strategies in relaxing DOA estimation have been verified by a numerical example and the lipoprotein
metabolism and potassium ion transfer system. In the future, we will investigate less conservative MFD methods and
apply them to interval type-2 polynomial fuzzy models, thereby reducing control conservatism of nonlinear systems
with uncertain parameters.

Appendix A A novel Chebyshev Approximation Algorithm

Algorithm 1 State space segmentation and approximation order selection algorithm.

Step 1 Determine if all membership functions F(x) are smooth functions. If they are, proceed to step 2; otherwise,
go to step 3.
Step 2 Divide the entire operating domain ¥ equally into "¢*" subdomains ¥ .. Proceed to Step 4.
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Step 3 Identify the breakpoints of the first-order derivative of all membership function F(x) and divide the
operating domain ¥ into "¢*" subdomains ¥_. based on these breakpoints.
Step 4 Calculate the curvature of the membership function based on the following formula:

02 F (x)
152
C = —— V1 Fx)eF

urv; 1r2fl<n{[1+(0?’(x))2]3/2} (x) € F(x)

2
T8) 4ng E760
F(x) with respect to x,., respectively.

Step 5 Define the length of each subinterval as / ., and the maximum curvature in the subinterval ¢* is denoted
as max(Curv;) .~ which means the maximum curvature for all the sample points. The approximation quality depends
not only on the curvature of the function but also on the length of the approximation interval. Therefore, a convex
combination of function curvature and interval length is used to determine the approximation order. Calculate the
approximation order score k.. for each subinterval based on the following equation.

where are the first partial differential and second partial differential of the membership function

I«

* S
Kr « =P o + (1 - P) o
¢ Zoeoy I ez max(Cury;) s

max(Curv;)«

(A-1)

where p ranges from O to 1, and a higher p value indicates that the interval length has a more significant impact on
the approximation effect.

Step 6 The approximate order in every subinterval is set according to the approximate order score Krg* obtained
in Step 5. The order setting rule is that the larger the k%, ,, the greater the order is set. The exact order setting depends

on the calculation burden limits of the system.

F*’

Appendix B Proof 2
Proof 2. The detailed presentations oflTX ande:X are[Ay Ay ... ]x[xl Xy oo X ]T = Ayx1+Ayx0+.. . +4,x, and
=1,

n . AT'x x X X X
x4, respectively. Then, == = =—— A1+ =i2— Ay +...+ =2— ﬂ Due to =
Zd:l d P Y ex T X x, VT Yn x Z Zd 1%d Zd=1 Xd Yi=1%d
AT'x

Ty 8 the convex combination of Ay, /12, ooy Ay So it can be concluded that there exists a parameter A1 with

n

x> /11 holds, where A

Apin £ Al £ A, to make the mequatlon min aNd A, are the largest and smallest elements
n

of vector A. Moreover, the positive property of the positive system (2) implies that efx > 0, so the inequation (10) can
. . /lTx ~
be satisfied if Tx 2

2 ZBi(x)Dlem can be obtained, then there

exists a parameter A= min{;ﬁ, ﬁ} such that (10) and (11) hold.
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