ING'S
OPEN (5 ACCESS College
LONDON

King’s Research Portal

DOI:
10.1007/JHEP01(2017)041

Document Version
Publisher's PDF, also known as Version of record

Link to publication record in King's Research Portal

Citation for published version (APA):
Couzens, C. (2017). Supersymmetric AdS _ solutions of type IIB supergravity without D3 branes. Journal of High
Energy Physics, 2017(1), Article 41. Advarice online publication. https://doi.org/10.1007/JHEP01(2017)041

Citing this paper

Please note that where the full-text provided on King's Research Portal is the Author Accepted Manuscript or Post-Print version this may
differ from the final Published version. If citing, it is advised that you check and use the publisher's definitive version for pagination,
volumel/issue, and date of publication details. And where the final published version is provided on the Research Portal, if citing you are
again advised to check the publisher's website for any subsequent corrections.

General rights
Copyright and moral rights for the publications made accessible in the Research Portal are retained by the authors and/or other copyright
owners and it is a condition of accessing publications that users recognize and abide by the legal requirements associated with these rights.

*Users may download and print one copy of any publication from the Research Portal for the purpose of private study or research.
*You may not further distribute the material or use it for any profit-making activity or commercial gain
*You may freely distribute the URL identifying the publication in the Research Portal

Take down policy
If you believe that this document breaches copyright please contact librarypure@kcl.ac.uk providing details, and we will remove access to
the work immediately and investigate your claim.

Download date: 20. Jul. 2025


https://doi.org/10.1007/JHEP01(2017)041
https://kclpure.kcl.ac.uk/portal/en/publications/079e2a58-0913-4f81-9b06-ef5ad3780f15
https://doi.org/10.1007/JHEP01(2017)041

PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: November 8, 2016
ACCEPTED: January 2, 2017
PUBLISHED: January 10, 2017

Supersymmetric AdSj5 solutions of type IIB
supergravity without D3 branes

Christopher Couzens

Department of Mathematics, King’s College London,
The Strand, London, WC2R 2LS, U.K.

E-mail: christopher.couzens@kcl.ac.uk

ABSTRACT: We analyse the most general bosonic supersymmetric solutions of type I11B
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ishes, while all remaining fluxes are allowed to be non-vanishing consistent with SO(4,2)
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1 Introduction

Via the AdS/CFT correspondence String or M-theory on a supersymmetric background
containing an AdSs factor in the metric is expected to be dual to a four-dimensional
superconformal field theory [1]. As such, there has been much interest in classifying super-
symmetric AdSs solutions of ITA and IIB supergravity and M-theory. In [2] AdSs5 solutions
of IIB with non-vanishing F5 Ramond-Ramomd (R-R) flux were classified. Whilst in [3]
supersymmetric AdSs solutions of massive IIA were classified and new analytic solutions
found. An analogous classification for M-theory was carried out in [4] and many new so-
lutions were found.! In this work we plug a remaining gap in the classification of the I1IB
case. An alternative method for classifying supersymmetric supergravity solutions with
an AdS factor in the metric, to that used in the above references and in this paper, was
carried out in [8-10].

'A later refinement of this work was carried out in [5] in which the additional conditions for A = 2
supersymmetry were considered. It was later shown in [6] that the classification of [5] was the most general
consistent with N' = 2 supersymmetry and an AdSs factor in M-theory. A later refinement of [2] was carried
out in [7] to impose the additional condition of N' = 2 supersymmetry.



The case of vanishing self-dual five form, F5, was not considered in [2] and was implicitly
assumed to be non-vanishing throughout. Attempts to set F5 = 0 in the final equations
of [2] run into inconsistencies as it involves dividing by zero. This case of vanishing Fj
corresponds to having no D3 branes in the theory and there is a close analogy between
this and the no M2 branes case of AdSy in eleven-dimensional supergravity which was first
classified in [11] and later extended in [12].

Completing this classification was motivated in part by the recent solutions found
in [13]. Two new supersymmetric solutions of IIB supergravity were found with F5 = 0
and are the first of their type. To obtain these solutions the authors begin with two well
known AdSs Sasaki-Einstein solutions and perform a Non-Abelian T-duality (NATD) on
an SU(2) isometry to ITA followed by a T-duality along a remaining U(1) to return to
IIB. The supersymmetric solutions that are obtained have seed solutions AdSs x 71 and
AdS5 x YP4. Unfortunately these new solutions are singular and it was hoped that by
completing this classification we would be able to find new non-singular solutions of this
form. Finding non-singular AdSs solutions with vanishing Fy remains an open problem.

In this paper we consider the most general bosonic supersymmetric solutions of type I1B
supergravity with a warped metric of the form AdSsx Ms, where M5 is an internal manifold
that admits a Riemannian metric. We set the self-dual five-form field strength, F3, to be
vanishing but allow all other Neveu-Schwarz Neveu-Schwarz (NS-NS) and R-R fluxes to
be non-vanishing and consistent with preserving the SO(4,2) symmetry of AdS;. We use
the well known method of analysing the G-structure determined by the Killing spinors as
was employed, for example, in [2] (and references therein) from which some of this work is
derived. We find that the internal manifold admits an identity structure which allows us to
determine the metric in full generality. The geometry includes a hypersurface-orthogonal
Killing vector which is a symmetry of the full solution and corresponds to the U(1) R-
symmetry in the putative dual superconformal field theory. Furthermore, analogous to the
conclusion in [2], we find that supersymmetry implies that all the equations of motion and
Bianchi identities are satisfied, though this does not follow immediately from their work.

The plan for the paper is as follows. In section 2 we present the conditions for pre-
serving supersymmetry. In section 3 we present the torsion conditions and show that
supersymmetry implies all the equations of motion and Bianchi identities. In section 4
we further the analysis by introducing local coordinates and reduce to a minimal set of
necessary and sufficient conditions for a supersymmetric solution. In section 5 we con-
sider a simple ansatz and find a singular solution, in section 6 we present a less simplified
ansatz and reduce the solution to a single ODE to solve. In section 7 we show that the
NATD-T-dual of AdSs x T solution found in [13] satisfies our equations. We conclude
in section 8. We relegate some definitions and technical details to three appendices. The
first contains the definitions of the bilinears and the calculation of the orthonormal frame
used in the paper, the second contains algebraic analysis for the existence of non-singular
solutions to the ansatz of section 5, whilst the third contains technical material used in
section 7.



2 The conditions for supersymmetry in d = 5

We shall follow the conventions and notation of [2] for the type IIB supergravity field
content, equations of motion, and supersymmetry variations. In addition to the ten-
dimensional metric gy, the bosonic fields comprise the axion-dilaton 7 = C(© +ie=? a
complex three-form flux

G =ie®?(rdB - dC?), (2.1)

where B and C? | are the NS-NS and R-R two-form potentials, respectively, and a self-dual
five-form F5 = %109F5. Moreover, the axion and dilaton enter the equations of motion and
supersymmetry variations through the following one-forms

P= %eé dc® 4 %d@, (2.2)

1
Q = _§e¢ dc© (2.3)

The covariant derivative Djy; with respect to both local Lorentz transformations and local
U(1) gauge transformations, is defined as

Dy =V —igQar (2.4)

where ¢ is the charge of the field under the local U(1): P has charge 2, G has charge 1 and
the Killing spinor € has charge 1/2. We refer the reader to [2] for the equations of motion,
Bianchi identities, and the supersymmetry variations for the gravitino ¢, and dilatino A.
We wish to characterise the most general class of bosonic supersymmetric solutions of
type IIB supergravity with SO(4,2) symmetry and vanishing five-form fluz. Namely we

require that
Fs=0, (2.5)

which means that the solutions we study correspond to configurations without D3 branes.
This is a slight difference to the analysis performed in [2], where it was (implicitly) assumed
throughout that F5 # 0. As pointed out in the introduction it is not possible to simply
set F5 = 0 in the final equations presented in [2]. Nevertheless much of the initial analysis
conducted in their paper can be utilised and we shall indicate when this is possible and
when it is not.

The d = 10 metric, in Einstein frame, takes the form of a warped product

ds?, = 22 (dsQAdS5 + dsi), (2.6)

where dsids5 is the metric on AdSs with Ricci tensor given by R, = —4m?(gads;)uw
and d:s?w5 is the metric on a five-dimensional Riemannian internal space Ms. In order
to preserve the SO(4,2) symmetry of the metric we require the fields to take values in;
A € Q%(M;,R), P € QY (M;,C),Q € QY (M5, R) and G € Q3(Ms,C). Notice that with this
ansatz the Bianchi identity for Fj is trivially satisfied and it is therefore consistent to set
F5 = 0 without imposing any further conditions.



We will use the most general ansatz for the Killing spinor consistent with preserving
minimal supersymmetry in AdSs. This takes the form

=R @0 +Y RERI), (2.7)

where we have rescaled the spinor by the factor e®/2 for later convenience. Here 1) is
a Killing spinor on AdSs and §; are two independent Spin(5) spinors on Ms. Further
discussion about the spinor ansatz and conventions can be found in appendix A of [2].
Requiring supersymmetry to be preserved yields the following conditions

1 _ i
Dmgl + ge 2A7mlm2Gmm1m2€2 - im’mel = 07 (28)
_ 1 . i
D& + ge 2A7mlm2Gmm1m2§1 - §m7m£2 =0, (29)
. 1 _
YO AL +iméy — e Gy g™ = 0, (2.10)
. 1 _ «
V" O +imy — e PG,y E = 0, (2.11)
1
Pm’}/m€2 + ﬂe_2A’}/mlmm3Gm1...m3€1 - 07 (212)
P* m i —2A ml...m3G* _ 0 2 13
mY 61 + 248 v m1...m3§2 - . ( . )

These can be obtained straightforwardly from the equations (3.3)—(3.8) in [2], by set-
ting f = 0.2

Special cases. The possible stabilizer groups of the Spin(5) spinors &; are the iden-
tity group or SU(2). Consequently M5 may admit either an identity structure or an
SU(2) structure.

Let us first consider the case of an SU(2) structure. This corresponds to setting one
of the spinors to zero, without loss of generality, let us assume & = 0. Then equa-
tion (2.10) reads

YO AL = —imé&; . (2.14)
Following the use of Clifford algebra identities one can show easily that 9,A = 0, and
inserting this back into (2.14) we reach the contradiction m&; = 0. Whilst the F5 # 0 case
allowed for an SU(2) structure on M5, comprising the well known Sasaki-Einstein solutions,
we conclude that there are no supersymmetric AdSs x Ms solutions with F5 = 0 in type
IIB supergravity with My admitting an SU(2) structure.?

Another interesting case to consider is G = 0. Such putative solutions would arise
purely from D7 branes, and would be motivated by F-theory constructions. Setting G = 0
in equation (2.10) and (2.11) once again gives (2.14) and an analogous equation for £» which
implies &4 = 0 = & and hence no supersymmetry is preserved. We therefore conclude
that supersymmetric AdSs solutions of type IIB supergravity with vanishing five-form and
three-form fluxes do not exist.

In the remainder of the paper we will assume that G is non-vanishing, and that both
spinors &; are not identically zero, thus giving a (local) identity structure on Ms.

2f is the constant defined in [2] as F5 = f(Volaass + Vols).
3In [3] it has also been shown that in type ITA supergravity there are no solutions of the form AdSs x M3
with M5 having an SU(2) structure either.



3 Bilinear equations

The identity structure is characterised by a set of one-forms, constructed as spinor bilinears,
that can be used to define a canonical orthonormal frame on Ms. In the analysis of the
algebraic and differential conditions equivalent to the supersymmetry equations it is useful
to consider also a number of scalar and two-form bilinears. We define these following the
notation in [2] and we list them in appendix A. From the algebraic condition (3.25) in [2]
we see that Fy = 0 implies that sin ¢ = 0;* we can therefore import the bilinear equations

from [2] where we set sin ¢ = 0 and f = 0. The resulting differential conditions are®

e 2 d(e*PS) = 3imK (3.1)
e OAD(eSAK3) = P A K —4imW —e 22 @, (3.2)
e A (P Ky) = —2mV (3.3)
e 82 A(eP2K5) = —6mU , (3.4)

while the algebraic conditions are

Z=0=sin¢, A=1,
i, dA = iy P,
igs AA =0 = i, P,
(1—15*)e ?2 %G = 2P A K3 — (4dA + 4imKy) A K3
+2x (PANK; ANKs —2dANKs ANKs) . (3.8)

Note that in [2] the differential condition on K4 was implied by the remaining ones,
because this one-form could be expressed as a linear combination of the other bilinears,
as can be seen from (A.4), however this is no longer the case. Indeed, more generally,
the orthonormal frame that we will use here, differs from the analogous one introduced
in [2]. Using this orthonormal frame, presented in appendix A, we find that the metric
takes the form

e KK Kok |sP

= ~ _1K 9 . '
M 5)2 * 1—1S]2  1—|S)2  1- 1512(‘“’“[5 ) (3.9)

This should be contrasted with the metric written in equation (3.53) of [2].

It is immediate from the analysis of [2] that K5 defines a Killing vector. Moreover,
here we will find that additionally K35 is in fact a hypersurface-orthogonal Killing vector.
This is most easily seen after we introduce local coordinates in the following section.

Analogously to [2], one can show K3 is in fact a symmetry of the full solution, namely

LiA=Lg®=Lyg,CY=0,
Lx.G=0. (3.10)

4Following the argument in appendix C of [2], and imposing sin ¢ = 0, we find that it is not possible to
have the spinors &; non-vanishing and linearly dependent. We therefore restrict to the case of them being
independent and admitting an identity structure.

SHere and in the rest of the paper * denotes the Hodge star operator with respect to the five-dimensional
metric ds?MS.



In a putative dual d = 4 superconformal field theory this corresponds to having U(1)
R-symmetry and hence N' = 1 supersymmetry.

Let us now show that supersymmetry implies that all the equations of motion and
Bianchi identities are satisfied. Most of the arguments presented in [2] to show that all
the equations of motion and the P Bianchi identity are implied by supersymmetry can be
used in our case, however, as alluded to in the introduction the argument showing that the
Bianchi identity for G is satisfied is not valid if F5 = 0. Below we present an argument
that applies to both cases. Using the supersymmetry equations, we find

D(eP2X) = 2 Bim+x X —e 228G+ PAY), (3.11)
e OAD(Y) = 3im Y + e 228G + P*A X, (3.12)
e 2D % X) = —e PAGAK + PAxY | (3.13)

These equations are true even including a non-zero F5, as this drops out of the expressions.
To recover the Bianchi identity for G' one should take D of (3.11) and use (3.1), (3.12)
and (3.13). As in [2], we conclude:

For the class of solutions with metric of the form (2.6), vanishing five-form
flux and fluxes respecting SO(4,2) symmetry, all the equations of motion and
Bianchi identities are implied by supersymmetry.

4 Introducing local coordinates

In this section we shall introduce local coordinates in which the set of BPS equations become
more explicit. We begin by reducing on the Killing direction defined by K3, resulting in a
4-1 splitting of the metric. The transverse four-dimensional metric to the Killing direction
admits an integrable almost product structure giving a further 3-1 splitting. The resulting
BPS equations take a similar form to those presented in [2] in the F5 # 0 case, but they
are different. We shall conclude this section by introducing explicit coordinates on the
remaining three-dimensional part of the metric, and obtaining expressions for the NS-NS
and R-R two-form potentials.

We begin by choosing a local coordinate adapted to the Killing direction defined by
K5. As a vector we have

0
K = 35y (4.1)
and as a one-form
_ s

3m

Ks (dp + p), (4.2)

where p is a one-form with no dv term. The factor of 3m is chosen for later convenience.
The Lie derivative of S with respect to K. f is

LysS = —3imS$, (4.3)



from which we find

S=—|Sle™ . (4.4)

It is convenient to make the redefinitions

p=c b, p=c's]. (4.5)
Then from (3.1) we have
K="y +id 46

and using the expression for K in appendix A we deduce that

772M2

K- —
g 3m

dy, (4.7)

and is therefore a hypersurface-orthogonal Killing vector. Notice that the Killing vector is
not fibered, p = 0, and this differs from [2]. Making the additional redefinitions

3/2

1 1
K3 ="—- Ky= " 4.
3="75 0, 4 3m5, (4.8)
the metric becomes
1
Im?ds® = 7 (MSO' Q0% + p2B% + 12 d772) +n?p? dy? . (4.9)
—ntp

Here 3 is a real one-form and o is a complex one-form, and both have no leg along
the Killing direction. We should now re-express the differential and algebraic conditions
in terms of these redefined quantities. We find that (3.4) is automatically satisfied, whilst
equation (3.3) becomes

2

H -
df = ———— Ao —=2ndnApB] . 4.10
B 30— 122 io* Ao —2ndn A Bl (4.10)
Equation (3.2) becomes
1 2 2 . At
Do = 1 (L+n°p*)PANc* + 3 dnANo+ dlnp Ao
22
+3 x 2PANc*ANdy+ dlnpAoAdy)|, (4.11)
m
where we have used the expression for *G given in (3.2). The remaining algebraic equa-
tions read
2ig+P = —iydInp, (4.12)
Lop=Lo®P=LoC"=0. (4.13)
oY oY oY

These constitute the set of necessary and sufficient conditions that one needs to satisfy for
supersymmetry.



To make these equations completely explicit, we can introduce the four remaining
coordinates. It is a standard calculation (for example starting with (4.6)) to check that the
four-dimensional metric transverse to the Killing direction has an integrable almost product
structure. This allows one to introduce “splitting coordinates”, and gives a 3-1 splitting of
the metric. In these coordinates the metric still takes the form presented in (4.9) however
now the one-forms g and ¢ have no dn term, though they are still in general functions of
1. We may then split the five-dimensional exterior derivative as

0 0
d=ds+ dn%+d¢@,

where dj is the exterior derivative on the three-dimensional metric defined by the integrable

(4.14)

almost product structure. Equation (4.10) now reads

1,2

i )

d3f = ———5—50" A 4.15

3/6 3(1_772M2)0- g, ( )

2np”

O = ——— 55— 4.16

whilst (4.11) reads®
1
d3U—iQ3/\O' = 1’]2/,L2—1|:(1+n2M2)P3/\0-*+ d3h’l/.1,/\0'

—3mn\/1 —n?p? *3 (2P,0" + 0y In /,LO'):| , (4.17)

2

1 4pn

772M2 -1

Opo —iQno = [(1 + 772M2)Pn<7* + o+ 0yInpo
121

73m\/ 1 —n2u?

x3 (2P3 N o* + d3 ln,u/\a)} . (4.18)

where we have used (4.13).

Thus for the most general, minimally supersymmetric AdS5 solutions with vanishing
five-form flux we need to solve the four differential equations (4.15)—(4.18) subject to the
algebraic equation (4.12). We note that the integrability equation for (4.15) and (4.16) is
automatically satisfied upon using (4.12), (4.17) and (4.18).

We may now introduce the three remaining coordinates along § and o, which we will
denote as x and y;, with ¢ = 1,2. In particular, we write the three independent real
one-forms as

B = vy dx + Yy1 dy1 + Vy2 dya,
Re o] = pzdz + py, dy1 + py, dy2 (4.19)
Im [0] = Ky da + Ky, dy1 + Ky, dya -

SHere %3 is the hodge star on the three-dimensional metric defined by the integrable almost product
structure.



Notice that generically we cannot simplify further these expressions, and the equa-
tions (4.15)—(4.18) take the form of a very complicated set of coupled PDE’s. An explicit
example of a rather generic solution will be presented later in section 7.

To obtain the explicit form of the NS-NS two-form B and the R-R two-form C?) we
can combine equations (3.11) and (3.12), to obtain

D(e®2(Y* — X)) = —3imeS x (Y* + X) +e'2(S + S*)G + eS2P A (X* —Y) . (4.20)

It is then simple, but tedious, to extract the two two-forms B and C® from the real
and imaginary parts of this equation, by using (3.1)—(3.4) and the results of appendix A.
We find

e®/2,
B —wp = o2 Reo] A dy, (4.21)
>/2 —®/2
@) _ = 0O H S
C we =C o2 Reo] A dy + o2 Im [o] A d¥, (4.22)

where wp and we are undetermined closed two-forms. Analogous expressions relevant for
the F5 # 0 case were given in [14].

5 Complex My, and P =0

Motivated by finding explicit solutions we set P = 0 in this section.” Notice that setting
P = 0 implies that p is a function of n only.® Setting P = 0 and u = u(n) reduces the
necessary and sufficient differential equations to

_w
d3ﬁ = mlm [O’] A Re [O'] s (53)
un
dsIm [o] = —#&, Ing BARe[o], (5.5)

"This condition imposes that the distinguished transverse four-dimensional foliation defined by the
Killing vector Oy, which we call M4, has an integrable almost complex structure. Consider a holomor-
phic two-form constructed from the orthonormal frame of appendix A as

Q = (® +ie®) A (e* —ie?)

1 . .

= (X e VY 4 2W) . (5.1)
2(np — 1)

This then defines an almost complex structure on My. In the second line we have expressed €2 in terms of

the two-form bilinears. Imposing that this is integrable implies

P =g(e* +ie®) + f(e® +ie®) + h(e* —ie?), (5.2)

where f, g, h are arbitrary complex functions (subject to satisfying the P equation of motion and Bianchi
identity). Setting P = 0 solves this constraint therefore My is complex in this case. It would have been
more interesting to impose this more general form of P, however it is still a fairly complicated system of
equations to solve and we were unable to do so.

8To see this use (4.12) to note that dlnu = fx, K4+ f, dn for some real functions fr, and f,. Requiring
that this is closed then implies that fx, = 0.



and

2W
- _ 5.6
d,Re[o] = ( ’; +0, hw) Re o], (5.7)
8,Im [o] = 44 + 0, Inp) Im[o] . (5.8)
! =1\ 3
We see immediately that we may solve (5.6)—(5.8) as
o 2u%n 5

oo | [ gt 6. (59)

[ 1 4pn R
Re[o] = exp / oy ( 3 + 0y hlu) dn] R, (5.10)

[ 1 4%n .
Im [o] = exp / ey < 3 + 0, ln,u) dn] I, (5.11)

where the hatted objects are i independent one-forms. We note that the above integrations
may include arbitrary integration constants which we absorb into the 7 independent one-
forms. Upon substituting these expressions into (5.3)—(5.5) one sees that the n dependence
in (5.3) cancels automatically as it should. However the 1 dependence in (5.4) and (5.5)
does not, we should have been suspicious if it cancelled as it would imply that p could
be any function of 7, requiring that this expression is 7 independent gives us the defining
differential equation for u

) 214%1)

We find a solution to the system of differential equations if we satisfy the second order
non-linear differential equation

B+ )i+ 60’ i + 3n(1 —n?p?)ji =0, (5.13)

and the three differential equations

- 2. .
ds3fp = gl/\R, (5.14)
dR = B N1, (5.15)
dl = —c¢fAR. (5.16)
Where c is a constant satisfying
i 2u%n)

Notice that ¢ is non-zero if p is non-constant and we shall distinguish between these two
cases. For the ¢ = 0 case we can write the solution in closed form and we will discuss it
in the remainder of this section. However we are unable to write the ¢ # 0 case in closed
form and instead present algebraic analysis for the existence of non-singular solutions in
appendix B.

~10 -



A singular solution. We look at the ¢ = 0 solution of (5.13) which is equivalent to
constant p. For simplicity we set = 1. We are now able to integrate (5.9)—(5.11); we find

B=(1-n)"8, B =0, (5.18)
Relo] = (1 —n?)*°R, d,R=0, (5.19)
Im [o] = (1 —n?)?/31, oI =0. (5.20)
We then need to solve
dsR =0 = dsl, (5.21)
dsf3 = gf AR (5.22)

R=dy, I=dy (5.23)
A solution to (5.22) is
S 2
B= g(d:c + y1dyo) (5.24)

The metric is

Im2ds® = n? dy? + (1 — n®)3(dy? + dy?)

1
d dz)? + —— dn? 2
+9(1 n2)1/3(y1 y2 + dx) +1—772 n (5.25)
and we have
1 — p2)2/3
B! 9;2) dya A o), (5.26)
1 — p2)2/3
c@ = | 9;2) dyy A dyp (5.27)

Note that the range of n should be either n € [0,1] or n € [—1,0]. We find that the Ricci
Scalar is given by R = 28m?, whilst R, RY = 336m* however we find that Ry, RIHA
exhibits a singularity as n — +1 and therefore the solution is singular.

We note that for F5 # 0 an analogous solution of the equations of [2] exists, which was
missed previously, by setting ¢, C(?) and the warp factor to be constants. This solution is
once again singular and the singularity appears first in the Ricci scalar, it has non-zero G
and hence is also not Sasaki-Einstein. These solutions are unusual in the sense that the
only other known solutions with constant warp factor are the Sasaki-Einstein solutions.

6 An ansatz with P # 0

The structure of the BPS equations suggests an ansatz in which the n coordinate plays a
distinguished role, therefore we make an ansatz where everything depends non-trivially on

- 11 -



this coordinate only. This ansatz is also motivated by the existence of analogous solutions
of other BPS systems. More concretely, we can attempt an ansatz precisely analogous
to the one used in section 5 of [2] which led to an ODE for one function with a solution
corresponding to the Pilch-Warner solution [15], however the analysis of section 5 suggests
that we should relax the assumption P = 0.

In fact we take a more general ansatz than that considered in [2] by adding an SO(2)
rotation of ¢ by a 1 dependent phase §. Namely, we consider

B = Aln)s, (6.1)
o = — 2 (C(r)rs —iB(r)) . (6.2)
()

Where 7, are the SU(2) left-invariant one-forms satisfying dm; = 7 A 73 and cyclic permu-
tations. Here the i dependent functions A, B, C are all real valued functions of 5 only.

The part of the BPS system decoupled from the dilaton with respect to the case
0=0,is

d,log B = —ch - 3(14_”% (6.3)
9, log C = —12;’;“223 - 3(14_“% (6.4)
Oplog A = —3(12_77‘:;#2) (6.5)
e o0

Dot = 1_27;751“2 (g + g) . (6.7)

These are four differential equations plus one algebraic, for the four functions A, B, C, u.
However (6.5) is redundant and implied by the others, so it can be eliminated to give four
equations for four functions, which is encouraging for the existence of solutions. This is
a complicated system of ODEs. A possible strategy to solve it is to obtain an ODE of
higher degree for one single function; as p appears “most often” in the system the simplest
equation to derive is one for p. To this end we take two further derivatives of (6.7)

R Bl [P 31 —n?u?)? o oo
_ I e gy BUTT )T 0 .
3+nPu? . 14307 31— ?p®) (1 + n?p?) |

-2
= - fr — - it
3n(l —n?p?)"  w(l—n?p?) ) p*n(B? + C?)

and using the other equations we eventually arrive at the following third order equation?
1

9 (1— n2p2)2(1 + n?p?)

+360" (2 + 307 u® + 30 ) i® + Inu(3 = 37 u® + 't —n°u)ii

(9 + 1507 + 350 1t + 50°u®) i+ 9 (3 + B p® 4t — 9n°p®)jin ] . (6.10)

(6.9)

=

[3n(9 + 470 u® + 31 u* + 9n°p®) 7

9Note that \/3/17 is a solution to this equation however it gives a metric with incorrect signature and so
is discarded.
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One can check that (5.13) actually implies this equation as it should, being the general
equation for P = 0. (6.10) is clearly a necessary condition for a solution however it is
not sufficient, notice that constant p solves (6.10) however it does not solve (6.7) as B
and C' are necessarily non-zero. Once a solution is obtained we should be able to extract
A, B, C from this data. In fact, we are able to integrate one combination of the equations.
Dividing (6.3) by B? and (6.4) by C? and subtracting them we obtain

1 1 ~
4 —
A (32 - 02) =k (6.11)
where k is an integration constant. Further using (6.6) we obtain
1 — n2,2)4
B - B2y = kL) (6.12)
I

where k = (%)4127 It would have been nice to use this to find an equation of second order
instead of third order, but we have not managed to do so. In any case, this constraint should
be useful when doing regularity and numerical analysis as it gives some exact analytic
control on the analysis. In particular, let us return to showing that once a solution for the
third order equation is found, the complete solution can be reconstructed.

A solution g of the third order equation depends generically on three integration con-
stants. Given this, A can be integrated from (6.5), and contains another integration con-
stant. We can then determine B and C' by combining (6.7) with (6.11), where we regard
A, p and £ as known functions and solve for B and C. We have

2k (L—m’p?)* 1 3nfs
9 w2 Az 2 77
o 2k(1—1u?) 1 3ni
C° = 5 2 yeh 5?14 . (6.13)

Notice these are algebraic equations, so no new integration constants are introduced, and

B? =

we correctly have four integration constants, one for each function.
The remaining # dependent part of the system leads to the following equations

1—n*u®> (C B
- L Wol ) Rl o i
cos 26 0,® + sin 20 ™ 0,C S (B C> , (6.14)
cos 26 e‘b@nC(O) —sin200,® = 0, (6.15)
1
O = fge@anc@) : (6.16)

Interestingly, this decoupled set of equations can be completely integrated (assuming 6 #
0), namely we have

1= n*u? (C B
87] IOgCOt 20 = W E — 6 s (617)
e (®=%0) — gin 26, (6.18)
CO = —c®0 0520 + C(()O) , (6.19)

where &y and Céo) are two integration constants.
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We have the third order equation, or equivalently a coupled system of first order
equations. Once a solution is found, the phase 6 can be determined by integrating (6.17),
and finally the dilaton and axion are determined algebraically in terms of 6.

Note that, for the purposes of studying (numerically) a system of first order equations,
it may be convenient to consider the functions u, A, and then to pick one, say B. C is
then determined algebraically, and the 9,C equation is then implied. This system reads

: 2np’
A=_—_" 4 6.20
30— ) (6.20)
1+772M2 BQ 4M277
B=(-—‘"F =2 T \p 6.21
(377(1 —n?u?) A2 3(L—n?u?)) (6.21)
1 B2 9 (1 _ 772M2)2
L1 (B7 9 ‘ 22

Finding solutions to this ansatz is dependent on solving the third order non-linear differen-
tial equation (6.10). Our preliminary studies were inconclusive and we leave the numerical
study of (6.10) as an open problem.

7 The solution of [13]

Part of the motivation for completing this work was to clarify the geometry underlying the
two supersymmetric solutions in [13] which circumvented the classification of [2]. In this
final section we show that the supersymmetric NATD-T dual of the AdSsx T(:1) solution
in [13] satisfies our classification. We were unable to directly solve the equations of the
classification to recover the solution (due to the complexity of the equations), as was done
n [2] for the Pilch-Warner solution. We instead bypassed this problem by finding the
Killing spinors from which we constructed the geometry by way of the spinor bilinears. We
first begin this section by writing down the solution found in [13].

We use the coordinates x1 = psinx,z2 = pcosy and for simplicity set o/ = 1. The

d=10 metric in string frame'? is

ds® = ds?(AdSs) + L2)\2 d6? + (L'A2)2 + 23) dzy + 2129 das)

L2PQ
+L2/\% da3 + —=(Qd¢1 — Na1wa cos O day — N2(L*A] + 23) cos 0 dag)?
2 L2WQ ’
L2/\2)\‘11:c1 sin® 01
d 7.1
21 &, (7.1)

where
Q= LANAT + N2 + X222, W = \2Qsin 61 + N2A2z2cos? 6, P = LAN2\2 +

The constants A\ and \; take the values 1/3 and 1/v/6 respectively and L is the radius of
AdSs5. The dilaton is
2 — Aw, (7.2)

10Recall that the classification is in Einstein frame.
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whilst the NS-NS two-form is given by!!

)\2
_ A A2z cos 0y dog + A2y sin® 0y doy — 21(\% cos? 01 + )\% sin0;)dzsy | A d¢ .
B= -5y
(7.3)
The non-zero RR-fluxes'? are
Fy = 4L*\)\}sin6; dé; , (7.4)
AL*MN\Sz1 sin @
= 1;1 SO 46, A de

A [)\2$2 sin® 6y dzy — xl()\2 cos® 01 + )\% sin? 01) dzs + A2z cos 6y dqﬁl] , (7.5)

and of course their hodge duals. In the notation of this classification the corresponding
elements are

m = % (7.6)
n = L*\zysinb, (7.7)
1 @

pn= eV =e", (7.8)

A = —de, (7.9)

B = (—x1cosby dry — x9cosby dwg + L‘l)\i1 sin 6y df; + x2 dey), (7.10)
o= I/f/i\/%‘l [z129sin” 61 dzy + (L*A] + 23) sin? 61 dzp + 22 cos 6y dey

+iL2VW (cos 0y dzg + zo sin 6y d; — doy)] . (7.11)

Further details on the derivation of this dictionary is presented in appendix C. One may
check that (7.1) takes the form of (3.9) with these identifications. For the explicit form of
the NS-NS two form we find

. 0®/2

mQ“ Re o] A dy — dao A o), (7.12)
whilst C(® is not given in [13] for us to compare with, however it is trivial to show that
F5 agrees with that derived from the general expressions (4.21) and (4.22).

We have checked that this solution satisfies all the conditions of the classification,
as an illustrative example we present the solution of (4.10). First define the function
E = (L*\} + 23) sin? 1 + 23 cos? 0. A short calculation gives

ic* Ao —2ndn A B = 2L N[ E[dzy A d¢y + 21 sin 6 df; A dzy + zosin by doy A day],
(7.13)

1YWe correct a minor typographical error here by adding the cos6; term in front of d¢;.
2These are the ones that appear in the equations of motion, F;, = dC,_1 — Cph,—3 A dB.
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whilst
3(1 —n*u?)
2

P dB = L' \\2E[dzy A doy + 21 sin 0y df; A day + 29 sin 6y dfy A das] .

(7.14)

Upon substituting the values of the constants, A and Ay we find that they are equal. The
equation for o follows similarly but is vastly more complicated than the one illustrated
above and for this reason we do not present it.

In section 4 we saw that the integrable almost product structure implied that the one-
forms 8 and ¢ had no dr term, we would like to verify this. To do so we must write the
one-forms in the form (4.19). To this end, we make the change of coordinates

Tr = d)l, (7.15)
1
Yy = i(x% +22) + L*\{ In(cos 6,), (7.16)
x
y2 = In <C08291> : (7.17)
n = L*X\}xysinf; . (7.18)

In these coordinates the coefficients for the one-forms, in the notation of (4.19), are

Yo = T2, Yy = —cosby, Yyr =0, (7.19)
LX222 cos by L)\2x49sin? 6, L2825 sin? 6,

Pz = IM;1/4 ) Py = 1W1/4 ) Pys = 1W1/4 ) (7.20)

e = — LPXIWYA g, =0, Figy = L3N3xg cos Oy W1/ (7.21)

It is clear that this satisfies the integrable almost product structure. We have again checked
that with these new coordinates the equations of the classification are satisfied and once
again the equations to solve are very complicated. We had hoped this solution would have
motivated further ansatz, unfortunately this was not the case. Interestingly this solution
has an additional Killing vector, 0,., to what the classification implies. Imposing this extra
Killing direction does not give much in the way of simplification of the equations and so
this ansatz was swiftly dropped in favour of the ones we have presented.

We note that this solution, like our one, is singular [13]. The Ricci tensor blows up
as 01 — 0 or m whilst ;1 — 0. Furthermore the dilaton also blows up at these points.
Computing the invariants R, R*” and R, ,,R*#* we also find that these are singular
at these points but only these points. This solution therefore exhibits two singular points.

Though the solution is singular it would still be interesting to interpret this solution’s
field theory dual and also its brane realisation. A method was proposed in [16] where they
considered the type ITA non-Abelian T dual of AdS5 x S° and propose a a D4/NS5 brane
set-up and a linear quiver to describe its dual SCFT.

In [13] they also present another supersymmetric type IIB solution with F5 = 0,
namely the NATD-T dual of the AdS5 x YP? solution. This solution will also satisfy the
classification presented here however we have not checked the details.

~16 —



8 Conclusions

This work has plugged the remaining gap in the classification of all AdSs supersymmetric
solutions of type IIB supergravity. Together with [2-4] our work concludes the classification
of all supersymmetric AdSs solutions of d = 10 and d = 11 supergravity. We find that the
geometry of Ms is different to that of the Fy = 0 case. It should be possible to interpret
these results in terms of the “Exceptional Sasaki-Einstein (ESE) geometry” of [17].1% Tt
would be interesting to see how the ESE structure is interpreted in terms of the bilinears.
A similar analysis was carried out in [17] for the case of F5 # 0.

One of the motivations for doing this work was to find new non-singular supersym-
metric solutions relevant for AdS/CFT. From [13] we knew that singular supersymmetric
solutions did exist, however the only solution we found was once again singular. In particu-
lar from the analysis performed in section 5 and appendix B we conclude that there are no
non-singular solutions with P = 0. Contrast this with the F5 # 0 case [2] where one finds
the infinitely many Sasaki-Einstein solutions and the Pilch-Warner solution (which has
P =0), whilst in type ITA [3] one finds infinitely many massive ITA solutions and recovers
previously known massless solutions such as the Maldacena-Nunez solution. Moreover in
eleven dimensions many new solutions were found [4]. It is therefore disappointing that we
have been unable to find new non-singular solutions.

However there are solution generating techniques one may use to find new solutions
with F5 = 0 (and also F5 # 0). As pointed out in [13] if one begins with a Sasaki-Einstein
solution with at least SU(2) x U(1) x U(1) and follows their procedure for applying the Non-
Abelian T-duality followed by the T-duality one obtains solutions with F5 = 0, whether
they are supersymmetric and non-singular is case dependent. Moreover one may obtain
solutions with F5 = 0 by T-dualising a ITA solution whose F, flux has a leg over the
direction that is being dualised over for all components, once again supersymmetry and
regularity is case dependent.

An interesting class of solutions are those which can be represented in both ITA, I1IB
and possibly also in eleven-dimensional supergravity. It may be fruitful to compare the
supersymmetry conditions of this classification with the different cases, [4] and [3]. More
concretely if we assume 0, is a Killing vector we may T-dualise over it to type IIA where we
are then able to compare this classification with [3]. Uplifting to 11d allows us to compare
with [4].
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A Bilinear definitions and the orthonormal frame

We define all the bilinears appearing in the paper. The scalar bilinears are

A= %(5151 + &),

Asin¢ = %(5_151 —&8),

S = &¢,
7 = &6 . (A.1)
The vector bilinears are
K™ = £y,
K3 = &6,
K" = %(5177”51 — &),
K§' = %(EWm& + &) - (A.2)
The two-form bilinears are
Winn = —€2¥mné1
Vinn = —%(glwrmfl — &Ymnéa)
Unn = —%(gl%nnfl + E2vmnba2) (A.3)
Xmn = EYmnél

Yin = §_§an§27

One finds that they satisfy the following algebraic relations

Ks = sin¢ Ky + Re[Z*K3] — Re[S*K], (A4)
0= sin(V— U — %K AK + Re[iZ* W], (A.5)
S*X = (1+sin )W — (Ki + Ks) A K, (A.6)
SY = (1—sinO)W* — (K4 — Ks) A K (A7)

These relations may be computed by making use of Fierz identities, however we find it
simpler to compute these by using an orthonormal frame which we shall construct below.

~ 18 —



Following [2] we take the basis of gamma matrices of Cliff(5) to be

10
1
= I
01
2
= I

a 0-1 a

7= <1 0 > ®T (A.8)

¢ = —ig?® and ¢® are the Pauli matrices. In this basis the charge conjugation

where T
intertwiner is given by C' = I ® 72. we label the corresponding basis by e’. We decompose
the spinors &; as s; ® 6; where s; are spinors of Cliff(3) and 6; spinors of Cliff(2). At the
moment the basis is completely arbitrary which allows us to impose that the two vectors
K, and Kj lie in the (e! — e?) plane and in particular K5 to be parallel with e!. We find

81:\[2<cosﬁcos¢>7 82:\/§<sinﬂcos¢> (A.9)

— sin 6sin ¢ cos @ sin ¢
where we have set 6;6; = 1 and added suitable normalization to enforce A = 1. We can

now write the scalar and vector bilinears as functions of 4, ¢, 8;. Requiring sin { = 0 implies
that cos 26 = 0 otherwise cos 2¢p = 0 which then implies K5 = 0. Choosing K3 to lie in the

(e3-e*) plane one can choose:
6, = (60 ) .0y = <€?a> (A.10)

from which we obtain the final form of the vector bilinears

K5 = cos2¢pel, Ky= —sin2¢e®, Kj=sin2¢(e* —ie®),

K = e%%! — isin2¢e?®e’ (A.11)
and the one non-trivial scalar bilinear
S = —e*%cos2¢ . (A.12)
The two-forms in terms of this orthonormal basis are

U= —sin2¢e’®, V =¢e3—cos2¢e®®, W = (icos2¢e® —e?) A (et —ied),
X = e?%(sin 2pe’ + cos 2¢e® — ie®) A (et —ie?),

Y = el%(—sin 2¢e' + cos 2¢e* +ie®) A (e +ie?) . (A.13)
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B Algebraic analysis of (5.13) for ¢ # 0

For ¢ # 0 equations (5.14)—(5.16) have solution:

A 1
= B.1
B 73 (B.1)
. 3
— —_— B.2
o, (B.2)
A 3
I =,/— B.3
2‘0‘7-17 ( )

where 7; are the SU(2) left invariant one-forms if ¢ > 0 and the SL(2,R) left invariant
one-forms if ¢ < 0.'* The metric becomes

2
om? ds® = ' p* dy* 4 Ty _“772“2 dn® + 1*(1 — np?) (7721[12 5+ 2|77:;|M(T12 + 722)> (B.4)
We have managed to find a solution to the differential equation (5.13) when ¢ # 0, namely
p = v/3/n. Unfortunately this is not an admissible solution as it gives a metric with the
wrong signature which can be clearly seen from the above.

We now present some algebraic analysis on the existence of regular solutions to (5.13),
considering first the case ¢ > 0 and then the case ¢ < 0. We must find the range of the
coordinate 1 and show that the metric is regular for all values of n in this range. To
do so we find values of n for which the metric shrinks, equivalently some function of the
metric becomes zero, yet the metric remains non-singular. Upon using (5.13) and its first
derivative in 7, we find that the Ricci scalar is given in the two cases by

2

m . .
Reso = ﬂ(%‘u"‘ +240mp® + 1%(9 + 1710%p?)) (B.5)
24m>n
Reco = Resg + —0 B.6

c > 0 analysis. We first consider the case where the function 1 —n?u? vanishes, let this
point be ng. Near to ng we may write

1 —n?p? = ~y(n — m9)*® (B.7)

for some constants o and . Making the change of coordinate,!?

(n—mno)t™®
= —— B.8
=)0 - (B8
we have
d772 2
1_7772}]2 = dT s (Bg)

4The left invariant SU(2) one-forms satisfy dm = 7o A 73 and cyclic permutations, whilst the SL(2,R)
one-forms satisfy dm == A 73, dre =73 AT, dm3 =72 A T1.

5Note that we have implicitly assumed a % 1 here. However for o = 1 one finds that the Ricci-scalar
has a singularity as n — no.
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and
2«

1— (qu)? === (1 - a)r) s . (B.10)

Requiring that the latter expression is proportional to 72, as it should be for a regular
solution, we find aw = 1/2. Near to 79 the metric takes the form

3 2 2
2’77/1’M(Tl —|—T2)>:| . (B.11)

212 2| 232 I A
Im~ds® = p° |n°dyp* 4+ dr® + 5573 +
4 \n°p
For regularity we require that the metric looks locally like S* x R*. For this to occur we
require the factors in front of the left invariant one-forms to be equal and the overall factor

to be 72/4. Using the expression for y near 1y we find 79 < 0 and v = we have

2
implicitly assumed that we are away from 7y = 0 to obtain . Notice howevzlZO that if we
are at 7 = 0 then the solution will not be regular as p is then necessarily unbounded in
order to satisfy 1 — n%;ﬂ = (0. We find that for any 7g strictly negative with p satisfying
1 —n?u? = 0 at 1o this will define an endpoint of the range of 1 and the metric will be
regular at this point.

We may ask whether it is possible for there to be two such values of 7, for which
1 —n?u? = 0 away from n = 0. Assume that n; and 72 are two such values, and that
there is no point 13 € (11,72) such that 1 — n3u(ns)? = 0, otherwise we have not chosen
our range for n correctly. Without loss of generality and with the previous analysis in
mind set 171 < 72 < 0. Near to 14, a = 1,2, we have fi(n) = —2/(3n?). Therefore for
n =1 + €1, with €; a small positive number, u(n +€1) < —1/(m1 + €1) however near to 79
we have, for €5 a small positive number, pu(ne — €3) > —1/(n2 — €2). With the additional
and not unreasonable assumption that p is continuous we must have that at some point
n3 € (m,m2) that 1 — (n3u(n3))? = 0 and hence we reach a contradiction as we assumed no
13 existed. We conclude that no two such points exist.

Assume now that 7 = 0 is a regular boundary solution. For regularity it is necessary
that p takes a finite value at n = 0 or that it diverges as O(1/n). A regular solution occurs
if the last bracketed term in (B.4) is finite in the limit as 1 goes to 0 or it goes to zero
as n? and has the metric of a three-sphere. If we consider these cases then p oc logn or
poxn ® a>1asn— 0. However one now finds that the full d = 10 metric has singular
Ricci scalar as n — 0 in both cases. Moreover if we expand (5.13) about 7 = 0 we find
that the only solution with this asymptotic behaviour is the true solution that gives the
incorrect signature. This suggests that n = 0 is not a boundary condition that gives a
non-singular metric.

The remaining possibilities are u(ng) = 0 for some 7, that () = 0 or that n —
—o00. We first look at the fi(ny) = 0 case. Equation (5.13) implies that either ny = 0,
1—n3u?(no) = 0 or ji(no) = 0 at n9. We can rule out both the first and second choices from
our previous analysis, leaving us to conclude that ji(ng) = 0. We then find that all the
derivatives of p vanish at this point by taking further derivatives of (5.13) and evaluating
at 79. Assuming, not unreasonably, that p is analytic at this point we conclude that pu is
a constant everywhere violating ¢ # 0.
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We next consider the possibility that u(ng) = 0. Then, near to 79, we may write

p="(n—m)", (B.12)
with a > 0 and the metric takes the form
1 9 3
27322 a3 T 2 2a—1
2202 (n — no)?(@—1) 2a3%no(n — no)?*~

Im?ds? = p? [n? dy? + dn? + (i +73)| -

(B.13)
One can see immediately that this is not regular for any a > 0 and 79 as the Ricci scalar
diverges. For u diverging at 79 one still requires 1 —n?u? > 0, for a metric with the correct
signature, and therefore g = 0 which was covered in a previous case.

Finally we study the possibility that n — —oco. It is best if we make the change of

coordinate n = —1/r. With this change of coordinate the metric takes the form
1 r r? — u? 1 3
9m? ds® = p? [r2 dy? + - dr? + = <r2u’2 T2 + o (73 + 722)) (B.14)
—
We still require that 1 — u?/r? > 0 and so for small r, ;4 must take the form
p=air+agr’ + ..., (B.15)

with |a;1| < 1. From looking at the last term in (B.4) we see that we need p = ar. With a
further coordinate transformation s = 74/4 the metric takes the form

2

The metric takes the form of S' x R x S where the S? is squashed. Note however as r — 0
we have the form of g in this limit and inserting this into (5.13) we find that a = v/3 and
hence the metric has the wrong signature. This suggests that there are no non-singular

ds? 1-a? 3
Im? ds® = a® <d¢2 + 1 _Sa2 + a2a <T§ + (8 + ﬁ))) . (B.16)

solutions for ¢ > 0 and we turn our attention to ¢ < 0 in the following subsection.

¢ < 0 analysis. We now consider the case of ¢ < 0, recall that now 7; are the left invariant
SL(2,R) one-forms. Most of the arguments from the ¢ > 0 case are still applicable and
we shall make use of these when possible. Note that the possibility of 1 — n?u? = 0 at 7
will no longer give a non-singular metric as before.This can be seen directly from the Ricci
scalar in equation (B.3).

Assume that n = 0 is a boundary condition. In the previous argument for n = 0 in
the ¢ > 0 case, we did not reference the particular form of the metric until computing the
Ricci scalar of the full d = 10 metric, once again this diverges as n — 0 and this suggests
that n = 0 is not a regular boundary condition. The argument that forbid non-singular
solutions with fi(ng) = 0 still applies in the ¢ < 0 case and so this is also not possible.
Moreover we cannot have u(ng) = 0 for the same reasons as in the ¢ < 0 case as the Ricci
scalar diverges. Note that the final possibility for a boundary value is n — +00. As =0
gives a singular point for the manifold we cannot have the range to be n € (—o0,00) and
therefore there are no two points for 7 to take a value in. If one completes the analysis for
1 — doo one again finds that the manifold is singular at these points.

From the analysis of this and the previous subsection we conclude that no non-singular
analytic solutions with P = 0 exist with ¢ > 0 and ¢ < 0.
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C More details on the solution of [13]

In this appendix we present details about the derivation of (7.6)—(7.11). We make no claims
that all the work in this appendix is original, only the final expressions (7.6)—(7.11). As
pointed out in the text we were unable to solve the equations of the classification in order
to recover this solution, in hindsight this was to be expected as it solves very non-trivial
equations compared to the ansatz we have considered. Instead we found the Killing spinor
of the NATD-T solution and from it constructed the spinor bilinears which allowed us to
recover the solution. One may solve the Killing spinor equations directly for the NATD-
T solution however this is very difficult and may be avoided. Instead one can use the
Killing spinors of TW1) | which are relatively simple to find, and transform them under the
corresponding NATD and T dualities. It is this method that we present below.

The Buscher rules [18] give the transformation of the NS-NS sector under T-duality
whilst [19] first gave the transformation of the RR-fluxes. The transformation of the Killing
spinors was found in [20]. It is also well known how the geometry changes under NATD,
see [21] for the transformation of the NS-NS sector, though we shall follow the conventions
in [22]. The transformation of the RR-fluxes was found in [23] whilst in [24] it was found
how a Killing spinor transforms under NATD. We shall briefly present the transformation
of the Killing spinors under both NATD and T-duality for the ease of the reader.

Under a NATD or T-duality there is some ambiguity with the transformation of the
vielbeins. Left and right movers of the world-sheet have different transformation properties
and therefore define two different frame fields. These two frames must be equivalent as
they define the same geometry and so are related by a Lorentz transformation of the form:

This Lorentz transformation induces an action on spinors by the matrix €2 which satisfies
Q70 = A%A° . (C.2)

Type 1IB supersymmetry is parametrised by two d = 10 Majorana-Weyl spinors of the same
chirality whilst type IIA is paramtrised by two d = 10 Majorana-Weyl spinors of opposite
chirality. We shall denote these two spinors generically as y; and y2, their chiralities are
unimportant for the calculation and so we do not distinguish their chiralities. Under a
NATD or T-duality

X1—x1  xe—Q 'xe. (C.3)

where for a T-duality along a Killing vector, d,, € takes the form

1
-1
Yooy = BN il (C4)
where z is a curved index on I';. Under a NATD, with respect to an SU(2) isometry along
the flat directions 1,2 and 3, Q takes the form
B T@11)
Qo) = ——F——= ("% + (I, (C.5)

@~ v e
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where for our purposes

x1cosé
L2X\ )\

r18iné
L2X\ )\’

T2

¢ = :
L2)2

CIZ <—2:

(C.6)

Note that both 2’s defined above are unitary in our basis.
To begin we solve the Killing spinor equations of the Klebanov-Witten solution, 731,
in the canonical vielbein basis for performing the NATD

e = L)\ dby e® = LAy sin 6 d¢y ,
= L)\1T172 s ed = L)\(Tg + cos 01 dqbl) , (C?)

where 7; are the left invaraint SU(2) one-forms. With this basis, the Killing spinors are

—
S =

(C.8)

—

[es}
[an}

where the choice of normalization is for later convenience. From these two spinors we may
construct &1 and & as used in the classification

&1=x1+ixe, & =x1—ixe, (C.9)

note that it is the y’s that transform as (C.3) and not the £’s. Under the NATD the Killing
spinors become

X1 = X1, X2~ Qs_é(Q)XL (C.10)
whilst the vielbeins that change are'®
A
el = Lé) [(L*MA? + 27) cos € + L* N2z sin €) day
+x1(z2 cos € — LAAY sin€)(dzs + L2A*(dE + cos 6 dgy))]
A
&2 = Lé) [((L*N2M + 27) sin€ — L2\ 25 cos €) day
+21(L*N] cos € + zasin &) (dxa + L2A*(dE + cos 01 dg))]
A
&3 = —m[xlxg dzy 4+ (LA + 23) day — LEX222(d€ + cos 61 dgy)). (C.11)

One now has all the information to perform the T-duality. After both dualities the 711
spinors become

, 1 _1
X1 X X Xe e Qs Xe Q50 su X2 (C.12)

16Notice that we have rotated é' and é? with respect to those presented in appendix 6 of [13]. We have
also added some extra factors of A and A1 which we found to be missing.
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One may now compute all the spinor bilinears. One finds for the scalar bilinears

A=1, (C.13)
sin¢ =0, (C.14)
Z=0, (C.15)

A2 sin el

T

(C.16)

From S one finds
A2y sin
§=—1, nu = N

Moreover one sees that the warp factor arises from putting the d = 10 metric into Einstein
28 _ =12 = o= 0/2

(C.17)

frame and therefore we have the identification e . From this we find

n=L*\2xsinf; . (C.18)

One is able to find the one-form bilinears K5 and K from this information by using (4.6)
and (4.7) and we may use this as a check for the result defined directly from the Killing
spinors. Computing the one-form bilinears form the Killing spinors one finds
LANe® :
K = \/1W (i(sin@ dxy + z1 cos @ db) — 1 sinf df), (C.19)

LA}z sin? 0

oy = M0 (C.20)
K, = Mowicostide -z cosby dey + LIV sin by by + x2dér) (C.21)
LVW
AN? .2 Ay4 2y a2 2
Ky = m[mm sin® 0y dzy + (L*A] + 23) sin® 01 dzg + 27 cos 61 dgy

HL2V W (cos 61 dxg + zosin by dO; — dey)]. (C.22)

Finally, using the redefinitions used in the classification (4.7) and (4.8), one recovers (7.7)—
(7.11). The change of coordinates (7.15)—(7.18) follows from noticing that ¢ can be iden-
tified with = and then observing that certain combinations of dx; and df; appear only.
From these combinations by adding suitable functions and requiring that they are closed
one recovers the change of coordinates presented.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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